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Notations and general assumptions

k is an algebraically closed field of arbitrary characteristic.

@ Variety is a (not necessarily reduced) scheme of finite type over k. All considered points are
closed.

o Algebras are finitely generated associative k-algebras with a unit.

o Given an algebra A, Mod(A) denotes the category of left A-modules and mod(A) is its full
subcategory of finite dimensional modules.

o Quivers Q = (Qo, Q1,s,t) are assumed to be finite.

o A bound quiver is a pair (Q, /), where Q is a quiver and [ is a (not necessarily admissible)
two-sided ideal in the path algebra kQ.

@ Rep(Q) is the category of representations of Q, rep(Q) is its full subcategory of finite
dimensional representations. We define Rep(Q, /) and rep(Q, /) in a similar way.
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Introduction to transversal slices

Definition
Let G be an algebraic group acting regularly on a (possibly not reduced) variety X, and x € X.
A transversal slice in X to the orbit G - x at the point x is a subvariety ) of X satisfying:

e xEY;

@ the morphism V: G x Y — X, (g,y) — g - y, is smooth;

o dim ) is minimal with respect to the above.

o If Y is a transversal slice in X’ at x, then the pointed varieties (X, x) and (Y, x) are
smoothly equivalent, i.e. they are connected via smooth morphisms:

(G xY,(1,x))

(X, x) (I, x)

Thus (X, x) and (Y, x) share many local geometric properties of varieties (like smoothness,
normality, being Cohen-Macaulay, Gorenstein, ... )

o Let X and X’ be G-varieties, F: X — X’ be a G-equivariant morphism, and x € X. If ) is
a transversal slice in X’ at F(x), then F~1()”) is a transversal slice in X’ at x.
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o Let ) be a transversal slice in X' at x, and consider the following maps:

w: G- X, ug)=g-x, and Tip:Ti,6 = Tox-

Then
Tox =T,y & Im(Ty,,), (1)
and
dimy Y = dimy X — dimy Im(77,,,).
Question
How to construct transversal slices? J

@ Assume first that x is a smooth point of a G-variety X. We choose a locally closed smooth
subvariety x € Y C X satisfying (1). Then W: G x Y — X is smooth at (g, x) for any

g € G. Replacing ) by its open neighbourhood of x if necessary, we get a transversal slice in
X at x.

o If X is an affine G-variety, then there is a smooth affine G-variety X’ together with a
G-equivariant closed immersion

F: X — X'

Given a point x € X, we choose a transversal slice )’ in X’ at F(x). Then F~1()’)is a
transversal slice in X" at x.
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Varieties of representations of quivers

o Let Q = (Qo, Qi1,s,t) be a quiver and d = (d,,) € N® a dimension vector. We define

repo(d) = {V = (Vu, Vo) € rep(Q)| Vu =k%} = [ Homy (k%) k%))
ac@

= H Mdt(a) de(a)(]k)‘
aceQ

@ The group GL(d) = [] GL(dy) acts on repg(d):
ueQ

(&% V)a = 8t(a) " Va ‘gs?olé)y

where g = (gu)ucq, and V = (Va)acq, -

o If M € repg(d), then
GL(d) * M = {V € repg(d)| V ~ M}.

o Given | 4k@, we denote by repg ;(d) (possibly non reduced) closed GL(d)-subvariety of
repg(d) consisting of the representations of Q which are annihilated by /.
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Transversal slice for representations of quivers
o We want to construct a transversal slice in repg ;(d) at a point N.

o Since repg ;(d) C repg(d), and the latter is smooth, we start with a smooth subvariety
Y C repg(d) such that N € Y and

T repo(d) = Tn,y © Im(71,,.), where p: GL(d) — repg(d), g~ gxN.

The tangent space TN,repQ(d) can be identified with

ZH(N,N) ~ [ Homy(Nsa, Nea) = J] Homp(k%e, k%) ~ repg(d).
a€EQy aEQy

@ Moreover,

7~1,u : H Mdu(k) — Zb(N, N)7 (hu)UEQo = (ht(a) *No — Ne - hs(a))a€Q1'
ueQp

@ Hence,
Ker(71,,.) = Endg(N), Im(71,.) = Bo(N, N).
@ We choose Y := N + C, where C is a k-linear complement:
Zo(N,N) =Bo(N,N)&C  (thus C =~ Extg(N, N)).

Some open neighbourhood U of N in Y is a transversal slice in repg(d) at N.

Consequently, U Nrepg ;(d) is a transversal slice in repg ;(d) at N,
Ao T 5



Transversal slices in representation-finite type

o Assume A =kQ// is a finite dimension algebra having only finitely many indecomposable
modules (up to isomorphism): Yi,..., Y, € mod(A) = rep(Q, /).

@ Aim: to define transversal slices to all orbits of representations of (Q, /), in a uniform way.

o We choose a k-linear complement

Zh(Yi, V) =Bh(Yi, V) @Cij,  forallij<n.

olet Y=Y and C=@,,Ci; CZL(Y,Y).
o The tensor algebra Tyn (DC) ~ Tn (]D) Extl oY, Y)) can be viewed as the path algebra kQ of

a quiver Q with the set of vertices Qo = {1,...,n}. This leads to an exact functor

F: rep(Q) — rep(Q)
mapping the standard simple representations S; to Y;, i < n, and a closed immersion
F(m): reps(m) — repg(é(m)), where ¢(m) = Z m; -dimY;,
such that the restriction of Im(F(m)) to an appropriate open subvariety is a transversal slice
in repg(¢(m)) at F(m)(0) = P;(Y;)™, for any m € N,
@ The ideal | <kQ@ corresponds to an ideal T<1 Jka, such that F and F(m) restrict to

F': rep(a 1) — rep(Q, 1) and F'(m): repa’f(m) — repQ’,(qS(m)),
and the restriction of Im(F’(m)) to an appropriate open subvariety is a transversal slice in
repg,;(#(m)) at F'(m)(0) = ;(Y;)™, for any m € N®,
i



Example

Let Q: 1= 22 3and I = (af). Then

Y=Y1& &Y= — K 2 K2
=i @ 0 *
zo9] ., [3e] [35:] ., [83]
BH(Y,Y) =S k2 K2 k23 ¢ K2 1221 3 (L0002
V24
2 4
Q: Y14 725
1 713 3 V35 5
foq 0f
Vs Ve (2% %) <0f§§>
F fiq fs5 = VieWv, Y A ZY:- A /R ALELEAR VLV
Vi V3 Vs
fi3 f35
T= (714, 113735, V24, 725 )- )
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Corollary
Let A =kQ/I be a representation-finite algebra. Then there is a bound quiver ((3,7) together
with an exact functor F’: rep(Q, /) — rep(Q, /) and closed immersions

F'(m): repaj(m) — repg i (¢(m))

such that for any N € rep(Q, /) there is m such that
e N':=F/(m)(0) ~ N,
e dimg repaj(m) = dimpy repg ;(#(m)) — dim GL(¢(m)) * N,
o GL(¢(m)) x repg g m) — repg (¢(m)), (g,L) — g * F'(m)(L), is smooth at (1,0).

Unfortunately, we miss a representation-theoretic interpretation of rep(a,T). For instance, we do
not know when the images of two points in reps 7(m) belongs to the same orbit in repg ;(¢(m)).

Idea is to find a new pair (@,IA) which is more closely related to the category rep(Q, /), and
satisfies the above corollary except “closed immersions”.
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A criterion for smoothness -
Let (Q,1) and (Q, /) be two bounded quivers, and S be the path category of (Q, /). Let

V: S — Rep(Q, /)

be an additive functor such that the composition S <, Rep(Q, ) — Mod(k) is isomorphic to a
finite direct sum of representable functors Homgs(v, —), v € Qp. Then W induces an exact functor

d: rep(@, ) — rep(Q, 1)

together with morphisms

®(m): repg (m) = repg (d(m)),  d(m)= 3 my-dimP(S,), meN.
veao

Theorem

The morphism
GL(¢(m)) X repg 7(m) — repg ;(#(m)),  (g,L) — g * P(m)(L),
is smooth at (1, M) provided the map

Ext'éj(M, M) — Extg (P(M), ®(M)),

induced by ®, is surjective for n = 1 and injective for n = 2. )
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Representation finite standard algebras

Let A =kQ/I be a representation finite algebra.

Let ind(A) be a full subcategory of mod(A) whose objects form a set of representatives of
the isomorphism classes of indecomposable A-modules.

Let (Ia, 7) denote the Auslander-Reiten quiver of A. In particular, (Fp)o = Objects(ind(A)).

The mesh category k(I'p) of I'p is a quotient of the path category k[['A] modulo mesh
relations Y Bija; = 0:

We assume that the algebra A is standard, i.e. there is an equivalence

F:k(Tp) = ind(A).

Given two vertices u, v, and a linear combination w of paths in 'y starting at u and
terminating at v, we denote by @ its image under the composition

K[TA] = k(Fp) £ ind(A).
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We construct a new translation quiver (Ta,7):

Example (equioriented Dynkin As)

S L
/\o/\ o—»o{o>o—>o

The vertices of FA:
o frozen (bullet) {X | X is a vertex of [z},

o non-frozen (circle) {X’ | X is a non-projective vertex of I'\}.

The arrows of F/\:

o

o {X' 25 Y| X% Yisanarrowin Iy and X, Y are not projective },
o {rX — X', X’ = X | X is a non-projective vertex of ['\}.

The translation 7 of FA:
o If 72X exists in p then 7(X') = (7X)’.
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Example (Riedtmann’s example with 7 indecomposables)

SN N O

X0

NSNS

»»»»»»» e—>0—>e0
y
Definition
Let A be a standard representation-finite algebra.
o The regular Nakajima category R of the algebra A is the mesh category Jk(F/\).
o The singular Nakajima category Sp of the algebra A is the full subcategory of Ry whose
objects are the frozen vertices. )
Lemma
(S/\)OP is isomorphic to the path category of (Q l) where Q is a quiver with the set of vertices
(@)o = (T'a)o, and the number of arrows in Q from X to Y equals dimy Ext} (X, Y). )
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Given a vertex X € ['p and a projective vertex P € Iy, we denote by Q(P, X) the space of linear
combinations of paths w: P — X in [y such that among all vertices of w only the starting one is
projective.
We define an additive functor n

vk (r,\) — Mod(A),

as follows:

e If X is a frozen vertex, then
V(X) = PP, X) @ P.
P

Moreover, we have a canonical surjective A-homomorpism

mx: W(X) = X, 7wx(w® p)=w(p)

o If X’ is non-frozen, then W(X’) = Ker(wx) and W(X’ — X) is a canonical inclusion.

o (X' s vy

W(X'—X) TX

0 > W(X) V(X) X 0

I

w®p ‘
v(a') + @

| aw@p

+ v(Y'=Y) Ty
0 w(Y’) v(Y) >Y > 0.
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o W(rX = X'): @pQP,7X) @y P — Ker (@P QP,X) @ P =% x):

If
al/’ )fl \ﬁi
X > /{} X
a’\l Xr Br
is a mesh in 'y, then
V(X = X wep)=— > Bioawp)— Y. Biewdp.
X; projective X; non-proj.

Proposition

The composition Sy — Rp v, Rep(Q, I) — Mod(k) is isomorphic to a finite direct sum of
representable functors Homs, (X, —), X € (aA)o.

Consequently, the composition Sy — Rp v, Rep(Q, 1) induces an exact functor
®: rep(Q, 1) — rep(Q, 1)

and morphism
®(m): repaj(m) — repg,;(#(m))

for any m € N(@o, where o(m) ="y myx -dimy X.
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Theorem

Let A =kQ/I be a standard representation-finite algebra, and ®, ®(m) will be as above. Then:

o ®(Sx) ~ X, where Sx is the standard simple representation of (@, 1) at the vertex
X € (Q)o = (Ta)o;
e The map
Ext’é,T(SX, Sy) — Extg (X, Y),

induced by ®, is bijective for any vertices X, Y, and n > 1.
@ The induced morphism

GL(¢(m)) x repg 7(m) — repq i (¢(m)), (g, L) = g * ®(m)(L),

is smooth at (1,0) for any m € N(@o

@ The pointed varieties

(repq,i(¢(m)),N) ~ and  (repg ;(m),0)

are smoothly equivalent, where N := ®(m)(0) ~ € X™x.
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Rank subvariety Cy
o Let [X, Y] = dimg Homa(X, Y) for any X, Y € mod(A) ~ rep(Q, /).
If M € repg (d), then
GL(d) x M C {L € repg ,(d) | [Y, L] > [Y, M] for any indecomposable non projective Y'}.

The right-hand side can be viewed as a (not necessarily reduced !) subvariety of repg ,(d):
@ We choose a minimal projective presentation

PLE, PO sy 50
and consider the induced exact sequence

)

0 — Homa(Y, L) = Homa (PP, L) Femay-b) o (P, L)

@ Homp(py, —) can be treated as a morphism
repg,i(d) = Ms, rvix[v,sq(K),

where S4 = EB(S,-)d" is the standard semisimple representation with dimension vector d.

o We denote by Js’:’d the ideal in k[repg,/(d)] generated by the images of the minors of size
1+ rin k[Ms, rv]x[v,ss(k)]. It does not depend on the chosen minimal presentation.

o Finally,

Cm = 5Pe°< [repq,i(d ]/Z s’f’v{sdJ[Y,M])
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Example (Dynkin Dy)
Let A = kQ, where

5 e
Q «a —
@@ — 0

%.

Let M € repg(d). The coordinate ring k[repg(d)] = k[xfj], 6 € {a, B,7}. We arrange the

variables x;s. into 3 matrices: X,, Xﬁ, Xy . Then the closed subscheme Cp; C repQ(d) is defined
by the ideal generated by minors of appriopriate size of the following 8 matrices:

X X
Xoy Xg, Xy, Xap, Xary, [XB Xv]v [Xaﬁ Xaw]v |:ng 07}'

Theorem
Let A=kQ/I and M € repq (d).

o (Bongartz; Z.) If N =kQ/I is representation finite or tame concealed, then
(CM)red = GL(d) * M.
o (Lakshmibai-Magyar; Riedtmann-Z.) If Q is a Dynkin quiver of type A, then

Cy = GL(d) = M.

@ Maybe something more for Dynkin quivers of type D in: [Jiajun Xu, Room 111, today 14:30].J

G.Zwara On transversal slices August 9, 2024 18 /24




Rank variety Cpy

Let Y be a non projective vertex in I'y. Recall that Y is also a frozen vertex in F/\ and its
unique direct predecessor is denoted by Y.

Let Q(e — Y’) denote the set of paths in T from a frozen vertex to Y’ passing through
non frozen vertices.

Let Q(Y’ — o) denote the set of paths in FA from Y’ to a frozen vertex passing through
non frozen vertices.

Observe that the composition w”’w’ of a path w’ € Q(e — Y’) and a path w” € Q(Y’ — o)
induces a morphism in Sp(s(w’), t(w’)), and also an element in kQ/I(t(w), s(w’)).

We denote by Js::’m the ideal in ]k[repéj(m)] generated by the images of the minors of size
1+ r of the (possibly infinite) matrix in regard to the map

repg m) — Homy @ K", EB [SECRN L= (Lyrryr)-
W’ eQ(Y!—e) w' €Q(e—Y’)

Let N := ®(m)(0) ~ @ X™x, d := ¢(m) = dim N and choose M € repq ;(d) such that

GL(d) * N C GL(d) = M.
We define

Cm,n = Spec (k[repéyl m)]/ ZJ&[’\TN][Y,M]) .
Y
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Theorem

Let A =kQ/I be a standard representation-finite algebra, and ¢, ®(m) will be as before.
Let N := ®(m)(0) ~ @ X™x and d := ¢(m) = dim N.

o If Y is a non projective vertex in ['n and r > 0, then the ideal Jg’l’m is generated by the

Q,l.d
Y,r+[Y,Sa]=[Y,N]

image of J via
&(m)*: klrepg ;(d)] — k[repaj(m)].
© Assume that M € repg ,(d) satisfies

GL(d) * N C GL(d) * M.

Then
®(m)~(Cym) = Cu,n-

In particular, the pointed varieties (Cp1, N) and (Cy,n,0) are smoothly equivalent.
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Example (Dynkin Dxs)
Let A = kQ, where

Q: eo<——0—0

Then 'y and FA have the form

. . . 3
The representations N = @ e and M = @ e of Q have the same dimension vector d = e
We get a codimension 6 degeneration:

GL(d) * N C GL(d) x M

(the orbits have dimension 60 and 66, respectively). According to the last theorem, (Cy, N) and
(Cm,n,0) are smoothly equivalent and dimCpy v = 6.
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Example (Dynkin Ds)
We consider the paths in FA between frozen vertices ® whose inner vertices are non frozen:

x;i: Ng — o — o — N, yi: Nj — o0 — o — Ny, i€{1,2,3},
Zjj* NOHOA)(NI')I*)(:*)(T_IVJ')IA)O*)N47 I7JE{17273}7
t: Ngp—+0—>0—+b—>0—0— Ny

O—).—)O

Lo

.—>O—>.—>O—>.—>O—>.

NN

0Oo—> e —o0
\b/
o

Let m = dim(Sy, @ --- @ Sp,). Then repg 7(m) =~ Spec (]k[x,-,y,-,z,-J, t]/J), where J is generated
by

Zzi,h ZZ/,Q, Zzi,37 xiy1+2z1,1, xey2+ 222, X3y3+z33+t, 221,j7 222,j7 223,j-

Cu,n C repg m) is given by the ideal generated by t and the minors of size 2 of the matrix [z j].
; y
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Example (Dynkin Ds)

Let m = dim(Sy, @ --- @ Sp,). Then repg i m) ~ Spec (k[x,-,y,-,z,-J, t]/J), where J is generated
by

E Zi,l:E Zi,2,E Zi3, Xxiy1+2z11, Xey2+222, X3y3+2z33-+t, E Zl,j:E Z2,j,E z3 .

Cu,n C repg i m) is given by the ideal generated by t and the minors of size 2 of the matrix [z j].
Hence

Cm,n =~ Spec (k[xi»}’h z12]/ ((212)° + 212 - (—x1y1 — Xoy2 + X3y3) + X1y1%2y2 ) )

is a 6-dimensional hypersurface. Since it is reduced, (GL(d) * M, N) and (Cpm,n,0) are smoothly
equivalent.
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Potential applications of the main theorems

@ Describing types of singularities of orbit closures in codimension 2 (using algebraic geometry
methods for surfaces).

Describing types of generic singularities.

Describing tangent spaces and singular locus of orbit closures for directed algebras.

@ Finding examples when Cy is not reduced for directed algebras (if such examples exist).

THANK YOU !
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