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To define a Hall algebra for the m-periodic derived category D,,(A) of a

hereditary abelian category A,
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Goals

To define a Hall algebra for the m-periodic derived category D,,(A) of a
hereditary abelian category A, and use it to provide a global, unified and
explicit characterization for the algebra structure of Bridgeland's Hall

algebra

Haicheng Zhang Periodic derived Hall algebras of hereditary abelian categories



Goals

To define a Hall algebra for the m-periodic derived category D,,(A) of a
hereditary abelian category A, and use it to provide a global, unified and
explicit characterization for the algebra structure of Bridgeland's Hall

algebra or semi-derived Ringel-Hall algebra of m-periodic complexes of A .
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Hall algebras of abelian categories
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Hall algebras of abelian categories

Let A be a finitary abelian category.
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Hall algebras of abelian categories

Let A be a finitary abelian category. Given three objects
X,Y,Le A,

Haicheng Zhang Periodic derived Hall algebras of hereditary abelian categories



Hall algebras of abelian categories

Let A be a finitary abelian category. Given three objects
X,Y,Le A, one defines
Feo = {E<L|E=Y,L/E=X}|.
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Hall algebras of abelian categories

Let A be a finitary abelian category. Given three objects
X,Y,Le A, one defines
Feo = {E<L|E=Y,L/E=X}|.

For an object X in a category,

Haicheng Zhang Periodic derived Hall algebras of hereditary abelian categories



Hall algebras of abelian categories

Let A be a finitary abelian category. Given three objects
X,Y,Le A, one defines
Fty ={E<L|E=Y,L/JE=X}|
For an object X in a category, denote by [X] the isomorphism class of X.
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Hall algebras of abelian categories

Let A be a finitary abelian category. Given three objects
X,Y,Le A, one defines
Fty ={E<L|E=Y,L/JE=X}|
For an object X in a category, denote by [X] the isomorphism class of X.

Definition [Ringel]

The Hall algebra #(A) of the abelian category A
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Hall algebras of abelian categories

Let A be a finitary abelian category. Given three objects
X,Y,Le A, one defines
Fty ={E<L|E=Y,L/JE=X}|
For an object X in a category, denote by [X] the isomorphism class of X.

Definition [Ringel]
The Hall algebra H(.A) of the abelian category A is a Z-module with the
basis {ujx) | X € A}
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Hall algebras of abelian categories

Let A be a finitary abelian category. Given three objects
X,Y,Le A, one defines
Fty ={E<L|E=Y,L/JE=X}|
For an object X in a category, denote by [X] the isomorphism class of X.

Definition [Ringel]

The Hall algebra H(.A) of the abelian category A is a Z-module with the
basis {ufx] | X € A} and the multiplication defined by

uxquy] = Fry -
[0
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Hall algebras of triangulated categories
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Hall algebras of triangulated categories

Definition [Toén, Xiao-Xu]

Let 7 be a (left homologically finite) triangulated category.
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Hall algebras of triangulated categories

Definition [Toén, Xiao-Xu]

Let 7 be a (left homologically finite) triangulated category. The Hall al-
gebra H(T) of T
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Hall algebras of triangulated categories

Definition [Toén, Xiao-Xu]

Let 7 be a (left homologically finite) triangulated category. The Hall al-
gebra H(T) of T is a Q-vector space with the basis {ux) | X € T}
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Hall algebras of triangulated categories

Definition [Toén, Xiao-Xu]

Let 7 be a (left homologically finite) triangulated category. The Hall al-
gebra H(T) of T is a Q-vector space with the basis {ux] | X € T} and
the multiplication defined by

upxqupy) = > Hy v,
m
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Hall algebras of triangulated categories

Definition [Toén, Xiao-Xu]
Let 7 be a (left homologically finite) triangulated category. The Hall al-
gebra H(T) of T is a Q-vector space with the basis {ux] | X € T} and
the multiplication defined by
Uy = D My,
(]
L |EXt %—(X, Y)L| 1
HX Yy — . .
Y = THomr (X, V)| X, V]

where
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Hall algebras of triangulated categories

Definition [Toén, Xiao-Xu]
Let 7 be a (left homologically finite) triangulated category. The Hall al-
gebra H(T) of T is a Q-vector space with the basis {ux] | X € T} and
the multiplication defined by
Uy = D My,
(]
L |EXt %—(X, Y)L| 1
HX Yy — . .
Y = THomr (X, V)| X, V]

where

e Ext (X, Y). denotes the subset of Hom(X, Y[1]) consisting of

morphisms X — Y[1] whose cone is isomorphic to L[1].
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Hall algebras of triangulated categories

Definition [Toén, Xiao-Xu]
Let 7 be a (left homologically finite) triangulated category. The Hall al-
gebra H(T) of T is a Q-vector space with the basis {ux] | X € T} and
the multiplication defined by
Uy = D My,
(]
L |EXt %—(X, Y)L| 1
HX Yy — . .
Y = THomr (X, V)| X, V]

where

e Ext (X, Y). denotes the subset of Hom(X, Y[1]) consisting of
morphisms X — Y[1] whose cone is isomorphic to L[1].
e For any objects X, Y € T,
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Hall algebras of triangulated categories

Definition [Toén, Xiao-Xu]
Let 7 be a (left homologically finite) triangulated category. The Hall al-
gebra H(T) of T is a Q-vector space with the basis {ux] | X € T} and
the multiplication defined by
Uy = D My,
(]
L |EXt %—(X, Y)L| 1
HX Yy — . .
Y = THomr (X, V)| X, V]

where

e Ext (X, Y). denotes the subset of Hom(X, Y[1]) consisting of
morphisms X — Y[1] whose cone is isomorphic to L[1].

e For any objects X, Y € T, {X, Y} := [] |Homs(X]i], Y)|(*1)i
i>0
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Hall algebras of triangulated categories

Definition [Toén, Xiao-Xu]
Let 7 be a (left homologically finite) triangulated category. The Hall al-
gebra H(T) of T is a Q-vector space with the basis {ux] | X € T} and
the multiplication defined by
Uy = D My,
(]
L |EXt %—(X, Y)L| 1
HX Yy — . .
Y = THomr (X, V)| X, V]

where

e Ext (X, Y). denotes the subset of Hom(X, Y[1]) consisting of
morphisms X — Y[1] whose cone is isomorphic to L[1].

e For any objects X, Y € T, {X, Y} := [] [Hom(X[i], Y)|(7l)i < +o00.
i>0
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Hall algebras of triangulated categories

Definition [Toén, Xiao-Xu]
Let 7 be a (left homologically finite) triangulated category. The Hall al-
gebra H(T) of T is a Q-vector space with the basis {ux] | X € T} and
the multiplication defined by
Uy = D My,
(]
L |EXt %’(Xa Y)L| 1
HX Yy — . .
Y = THomr (X, V)| X, V]

where

e Ext (X, Y). denotes the subset of Hom(X, Y[1]) consisting of
morphisms X — Y[1] whose cone is isomorphic to L[1].

e For any objects X, Y € T, {X, Y} := [[ [Homy(X[i], Y)Y < +o0.
i>0
e For example, D?(A) is left homologically finite.
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The m-periodic derived categories

In what follows, we always assume that A is a hereditary k-linear abelian

category over a finite field k = F,
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The m-periodic derived categories

In what follows, we always assume that A is a hereditary k-linear abelian

category over a finite field k = F; and set v = ,/q.
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The m-periodic derived categories

In what follows, we always assume that A is a hereditary k-linear abelian
category over a finite field k = F; and set v = ,/q.

For any positive integer m,
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The m-periodic derived categories

In what follows, we always assume that A is a hereditary k-linear abelian
category over a finite field k = F; and set v = ,/q.

For any positive integer m, let D,,(A) be the orbit category

Db(A)/[m],
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The m-periodic derived categories

In what follows, we always assume that A is a hereditary k-linear abelian
category over a finite field k = F; and set v = ,/q.

For any positive integer m, let D,,(A) be the orbit category

D5(A)/[m], called the m-periodic derived category of A,
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The m-periodic derived categories

In what follows, we always assume that A is a hereditary k-linear abelian
category over a finite field k = F; and set v = ,/q.

For any positive integer m, let D,,(A) be the orbit category
D®(A)/[m], called the m-periodic derived category of A, which is a

triangulated category with suspension functor denoted by [1].
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The m-periodic derived categories

In what follows, we always assume that A is a hereditary k-linear abelian
category over a finite field k = F; and set v = ,/q.

For any positive integer m, let D,,(A) be the orbit category

D®(A)/[m], called the m-periodic derived category of A, which is a
triangulated category with suspension functor denoted by [1].

Notices that the periodic triangulated categories
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The m-periodic derived categories

In what follows, we always assume that A is a hereditary k-linear abelian
category over a finite field k = F; and set v = ,/q.

For any positive integer m, let D,,(A) be the orbit category

D®(A)/[m], called the m-periodic derived category of A, which is a
triangulated category with suspension functor denoted by [1].

Notices that the periodic triangulated categories do not satisfy the (left)

homological finiteness conditions.
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The m-periodic derived categories

In what follows, we always assume that A is a hereditary k-linear abelian
category over a finite field k = F; and set v = ,/q.

For any positive integer m, let D,,(A) be the orbit category

D®(A)/[m], called the m-periodic derived category of A, which is a
triangulated category with suspension functor denoted by [1].

Notices that the periodic triangulated categories do not satisfy the (left)
homological finiteness conditions. So, the definitions of derived Hall
algebras defined by Toén, Xiao-Xu do not apply to periodic triangulated

categories.
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The m-periodic derived categories

In what follows, we always assume that A is a hereditary k-linear abelian
category over a finite field k = F; and set v = ,/q.

For any positive integer m, let D,,(A) be the orbit category

D®(A)/[m], called the m-periodic derived category of A, which is a
triangulated category with suspension functor denoted by [1].

Notices that the periodic triangulated categories do not satisfy the (left)
homological finiteness conditions. So, the definitions of derived Hall
algebras defined by Toén, Xiao-Xu do not apply to periodic triangulated
categories.

However, the derived Hall algebras of odd periodic triangulated

categories have been defined by Xu-Chen.

B [Xu-Chen] F. Xu, X. Chen, Hall algebras of odd periodic triangulated
categories, Algebr. Represent. Theory 16(3) (2013), 673-687.
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Euler forms
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Euler forms

For any objects M, N € A,
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Euler forms

For any objects M, N € A, set
(M, N) := dim ,Hom 4 (M, N) — dim ,Ext %, (M, N)
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Euler forms

For any objects M, N € A, set
(M, N) := dim ,Hom 4 (M, N) — dim ,Ext %, (M, N)
and it descends to give a bilinear form

() K(A) x K(A) — Z
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Euler forms

For any objects M, N € A, set
(M, N) := dim ,Hom 4 (M, N) — dim ,Ext %, (M, N)
and it descends to give a bilinear form
() KA x K(A) — Z

known as the Euler form.
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Euler forms

For any objects M, N € A, set
(M, N) := dim ,Hom 4 (M, N) — dim ,Ext %, (M, N)
and it descends to give a bilinear form
() KA x K(A) — Z
known as the Euler form. The symmetric Euler form
() K(A) x K(A) — Z
is defined by («, 8) = (o, 8) + (8, ) for any «, 8 € K(A).
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Triangles associated to 5-term exact sequences

In order to relate the exact sequences in A with the triangles in D?(A),

we need the following
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Triangles associated to 5-term exact sequences

In order to relate the exact sequences in A with the triangles in D?(A),

we need the following

Lemma
For any 5-term exact sequence 0 —- K — X Ay Bz C5o0in
A,
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Triangles associated to 5-term exact sequences

In order to relate the exact sequences in A with the triangles in D?(A),

we need the following

Lemma

-
-

For any 5-term exact sequence 0 - K - X > Y 3 Z - C = 0in
A, there exist 61,5, such that we have the following triangle in D?(A):

(f,0 1) (5@2)
xocl-1 5y 220 ke z.
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Triangles associated to 5-term exact sequences

In order to relate the exact sequences in A with the triangles in D?(A),

we need the following

Lemma

-
-

For any 5-term exact sequence 0 - K - X > Y 3 Z - C = 0in
A, there exist 61,5, such that we have the following triangle in D?(A):

(f,01) (Jf2)

XoC[-1]—Y —2>K[l]a®Z

In what follows,
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Triangles associated to 5-term exact sequences

In order to relate the exact sequences in A with the triangles in D?(A),

we need the following

Lemma

-
-

For any 5-term exact sequence 0 - K - X > Y 3 Z - C = 0in
A, there exist 61,0, such that we have the following triangle in D?(A):

(f1,01) (Jf2)

XoC[-1]—Y —2>K[l]a®Z

In what follows, we fix a positive integer m,
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Triangles associated to 5-term exact sequences

In order to relate the exact sequences in A with the triangles in D?(A),

we need the following

Lemma

-
-

For any 5-term exact sequence 0 - K - X > Y 3 Z - C = 0in
A, there exist 61,5, such that we have the following triangle in D?(A):

(f1,01) (Jf2)

XoC[-1]—Y —2>K[l]a®Z

In what follows, we fix a positive integer m, and denote the quotient ring
Z/mZ
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Triangles associated to 5-term exact sequences

In order to relate the exact sequences in A with the triangles in D?(A),

we need the following

Lemma

-
-

For any 5-term exact sequence 0 - K - X > Y 3 Z - C = 0in
A, there exist 61,5, such that we have the following triangle in D?(A):

(f1,01) (Jf2)

XoC[-1]—Y —2>K[l]a®Z

In what follows, we fix a positive integer m, and denote the quotient ring
Z/mZ by Zm=1{0,1,....,m—1}.
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Relations between the extensions in D,,(.A) and D?(A)

For any triangle in D,,(A)

@ Bilil — @ milil — P Alil — P Bili +1]

i€Zm i€Zm i€Zm i€Zm
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Relations between the extensions in D,,(.A) and D?(A)

For any triangle in D,,(A)

P Bilil — P milil — P Alil — @ Bili +1]
i€ZLm (€ZLm i€ZLm i€ZLm
such that A;, Bi, M; € A with i € Z,,
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Relations between the extensions in D,,(.A) and D?(A)

For any triangle in D,,(A)

@ Bilil — @ milil — P Alil — P Bili +1]

i€Zm i€Zm i€Zm i€Zm
such that A;, B;, M; € A with i € Z,, by considering the
homologies,
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Relations between the extensions in D,,(.A) and D?(A)

For any triangle in D,,(A)

P Bilil — P milil — P Alil — @ Bili +1]
i€Zm i€Zm i€Zm i€Zm
such that A;, Bi, M; € A with i € Z,,, by considering the
homologies, we have the following periodic exact sequence in A

1 f f
--—>Bg—>Mo—>Aom—>Bm,1—>Mm,1—>Am,1—>~-—1>Bl—>M1—>A1i»Bo—w-u
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Relations between the extensions in D,,(.A) and D?(A)

For any triangle in D,,(A)

P Bilil — P milil — P Alil — @ Bili +1]
i€Zm i€Zm i€Zm i€Zm
such that A;, Bi, M; € A with i € Z,,, by considering the
homologies, we have the following periodic exact sequence in A

1 f f
--—>Bg—>Mo—>Aom—>Bm,1—>Mm,1—>Am,1—>~-—1>Bl—>M1—>A1i»Bo—w-u

Thus, for each i € Z,, taking [; = Im f;,
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Relations between the extensions in D,,(.A) and D?(A)

For any triangle in D,,(A)

P Bilil — P milil — P Alil — @ Bili +1]
i€Zm i€Zm i€Zm i€Zm
such that A;, Bi, M; € A with i € Z,,, by considering the
homologies, we have the following periodic exact sequence in A

1 f f
--—>Bg—>Mo—>Aom—>Bm,1—>Mm,1—>Am,1—>~-—1>Bl—>M1—>A1i»Bo—w-u

Thus, for each i € Z,, taking I; = Im f;, we obtain the exact sequences

in A

0 I; B; M; A; li_q 0.
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Relations between the extensions in D,,(.A) and D?(A)

For any triangle in D,,(A)

P Bilil — P milil — P Alil — @ Bili +1]
i€Zm i€Zm i€Zm i€Zm
such that A;, Bi, M; € A with i € Z,,, by considering the
homologies, we have the following periodic exact sequence in A

1 f f
--—>Bg—>Mo—>Aom—>Bm,1—>Mm,1—>Am,1—>~-—1>Bl—>M1—>A1i»Bo—w-u

Thus, for each i € Z,, taking I; = Im f;, we obtain the exact sequences

in A

0 I; B; M; A; li_q 0.
Hence, for each i € Z,,, we obtain the following triangle in D®(A)
B; ® /,',1[—1] — M, —— /,[1] @ A;.
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Relations between the extensions in D,,(.A) and D?(A)

Proposition [Z. 2023]

For any A;, Bi;, M; € A with i € Z,,, we have that
|Ext Em(A)(@ Ailil, @ Bili) @ mil
i€Zm i€Zm i€2m

[Ext Lo 4 ) (1] @ Ar, Bj @ fi—1[~1])m ]

=) 11 2 ,

Uol,[A];---s[Im—1]€Ts0(A ) i€Zm b
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Relations between the extensions in D,,(.A) and D?(A)

Proposition [Z. 2023]

For any A;, Bi;, M; € A with i € Z,,, we have that
|Ext Em(A)(@ Ailil, @ Bili) @ mil
i€Zm i€Zm i€2m

[Ext Lo 4 ) (1] @ Ar, Bj @ fi—1[~1])m ]

=) 11 2 ,

Uol,[A];---s[Im—1]€Ts0(A ) i€Zm b
where for an object X € A we set ax = |Aut 4 (X)|.
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Relations between the extensions in D,,(.A) and D?(A)

Proposition [Z. 2023]
For any A;, B;, M; € A with i € Z,, we have that

[Ext b, (D Alil, B B @ mil
i€l i€Zm i
[Ext Lo 4 ) (1] @ Ar, Bj @ fi—1[~1])m ]

= D I 2 =

Uol,[A];---s[Im—1]€Ts0(A ) i€Zm b
where for an object X € A we set ax = |Aut 4 (X)|.

Hence, we can use the (dual) derived Hall numbers H, 16 B®l_1[—1]
with i € Z, to define the Hall numbers of m-periodic derived Hall

algebras.
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The m-periodic extended derived Hall algebra

Definition [Z. 2023]

The Hall algebra DHE(A),
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The m-periodic extended derived Hall algebra

Definition [Z. 2023]

The Hall algebra DHS,(A), called the m-periodic extended de-
rived Hall algebra of A,
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The m-periodic extended derived Hall algebra

Definition [Z. 2023]

The Hall algebra D#Hf (A), called the m-periodic extended de-
rived Hall algebra of A is the C-vector space with the basis
{ve mig II Kaii | [Mi] € Tso(A),a; € K(A) foralli € Zp},

i€Zm i€Lm
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The m-periodic extended derived Hall algebra

Definition [Z. 2023]

The Hall algebra D#Hf (A), called the m-periodic extended de-
rived Hall algebra of A is the C-vector space with the basis
{ve mig 11 Kai | [Mi] € Iso(A),a; € K(A) forall i € Zp,}, and
i€Zm i€Zm

with the multiplication defined on basis elements by
e an I ke @ g 1T e =
i€Zm i€Zm i€Zm ez

*(717771vo‘O*ﬁO)*”ﬁil(iiﬂ%’—l*ﬂi*l)*v > (/‘7,'*“7’#1=7f>+rEl<7i71’7,')*<70)7m71>
v30 v i=1 i€Lm i=1
[1;],IMj]€1s0(A ),i€Zm

HM
/[1]@A’ BI@II 1[ 1]
I[I ————————uvg un H It

i€Zm a; i€Zm i€z,
A A A ~ m—1
where a9 = > (A, Bi) + > (ai,Bi — Biy1) + > (i, Bi-1) —
i€Zm i€Zm i=1

(Ofmfh BO)
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The m-periodic extended derived Hall algebra

Definition [Z. 2023]

The Hall algebra D#Hf (A), called the m-periodic extended de-
rived Hall algebra of A is the C-vector space with the basis
{ve mig 11 Kai | [Mi] € Iso(A),a; € K(A) forall i € Zp,}, and
i€Zm i€Zm

with the multiplication defined on basis elements by
e an I ke @ g 1T e =
i€Zm i€Zm i€Zm ez

*(717771vo‘O*ﬁO)*”ﬁil(iiﬂ%’—l*ﬂi*l)*v > (/‘7,'*“7’#1=7f>+rEl<7i71’7,')*<70)7m71>
v30 v i=1 i€Lm i=1
[1;],IMj]€1s0(A ),i€Zm

HM
/[1]@A’ BI@II 1[ 1]
I[I ————————uvg un H It

i€Zm a; i€Zm i€z,
A~ A N N m—1
where ag = > (A, Bi) + > (ai,Bi — Biy1) + > («i,Bi-1) —
1€Zm i€ZLm i=1
m—1
(@m-1,00)- By convention, > x; = xq, if m=1.
i=1
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The m-periodic extended derived Hall algebra

In particular, we have that
" m—1 ~ ~ PO
X (ALBY S M= T+ S Timg 0 = oy Tm—1)

u ® A,-[i]u ® Bl = V/EZm V/EZm i=1
i€%m i€Zm [1;],IM{]€1s0(A ),i€Zm

HMi
li1]®A; B @l _1[—1]
[I——-——u 8w II x,.
al; i€Zm
—1

I€Zm
—(erm—1,80)+ Z (aj:B8i—1)
H Ka; By

H Kagj,i H Kg;i=v
i€Zm

i€%m i€%m
> (@,Bj—Biy1)
L = €L . .
(11 Kot @ B[] = V'™ U@ Bl II Kaj,is
i€%m i€Zm i€Zm i€Zm
> (@Bi—1—Bit1)

H Kg;,i H Kayji-

€7
I Kaji IT Koy = vieom
i€Zm i€Zm i€m i€m

Periodic derived Hall algebras of hereditary abelian categories
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The m-periodic extended derived Hall algebra

Theorem [Z. 2023]

The m-periodic extended derived Hall algebra DS, (A) is an associative

algebra.
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The m-periodic extended derived Hall algebra

Theorem [Z. 2023]

The m-periodic extended derived Hall algebra DS, (A) is an associative

algebra.

Proof: It is proved by using the associativity of derived Hall algebra of
D®(A) or Green's formulas in A.
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The m-periodic extended derived Hall algebra

Theorem [Z. 2023]

The m-periodic extended derived Hall algebra DS, (A) is an associative
algebra.

Proof: It is proved by using the associativity of derived Hall algebra of
D®(A) or Green's formulas in A.

Proposition [Z. 2023]

The m-periodic extended derived Hall algebra DH¢,(A ) has a basis given
by
{I] vam ] Ko | [A] € Ts0(A), a; € K(A) for all i € Zp}.

i€Zm i€Lm
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The m-periodic extended derived Hall algebra

Theorem [Z. 2023]

The m-periodic extended derived Hall algebra D¢ (.A) is isomorphic to
Bridgeland’s Hall algebra (if .A has enough projectives) and semi-derived
Ringel-Hall algebras of m-periodic complexes.
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The m-periodic extended derived Hall algebra

Theorem [Z. 2023]

The m-periodic extended derived Hall algebra D¢ (.A) is isomorphic to
Bridgeland’s Hall algebra (if .A has enough projectives) and semi-derived

Ringel-Hall algebras of m-periodic complexes.

Theorem [Z. 2023]

The 2-periodic extended derived Hall algebra DHS(A) is isomorphic to
the Drinfeld double Hall algebra of A.
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Odd periodic derived Hall algebras

Let m be an odd positive integer.
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Odd periodic derived Hall algebras

Let m be an odd positive integer.

Definition [Z. 2023]

The Hall algebra DH,,(A),
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Odd periodic derived Hall algebras

Let m be an odd positive integer.

Definition [Z. 2023]

The Hall algebra D#H,,(.A), called the m-periodic derived Hall algebra of
A,
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Odd periodic derived Hall algebras

Let m be an odd positive integer.

Definition [Z. 2023]

The Hall algebra D#H,,(.A), called the m-periodic derived Hall algebra of
A, is the C-vector space with the basis

{uvg mp | IMi] € Iso(A) for all i € Zp,},

i€Zm
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Odd periodic derived Hall algebras

Let m be an odd positive integer.

Definition [Z. 2023]
The Hall algebra D#H,,(.A), called the m-periodic derived Hall algebra of
A, is the C-vector space with the basis

{uvg mp | IMi] € Iso(A) for all i € Zp,},

i€Zm
and with the multiplication defined on basis elements by

U AlilY & Bili]
i€Lm

i€Zm
m—1 ~ N Mi
,-EXZ: <,§](_1)kA"+k’B"> Hli[l]@AhBi@li—l[_ll
-V > 11 . U mi-
i i€Zm

L IMi]E€180( A )i €2 i€Zm

Haicheng Zhang Periodic derived Hall algebras of hereditary abelian categories



Remarks for even periodic derived Hall algebras

If mis an even positive integer,

Haicheng Zhang Periodic derived Hall algebras of hereditary abelian categories



Remarks for even periodic derived Hall algebras

If mis an even positive integer, we fail to define the m-periodic derived

Hall algebra of A without appending the K-elements.
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Remarks for even periodic derived Hall algebras

If mis an even positive integer, we fail to define the m-periodic derived
Hall algebra of A without appending the K-elements.
If A is a hereditary abelian category
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Remarks for even periodic derived Hall algebras

If mis an even positive integer, we fail to define the m-periodic derived
Hall algebra of A without appending the K-elements.
If A is a hereditary abelian category with Euler form skew

symmetric,
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Remarks for even periodic derived Hall algebras

If mis an even positive integer, we fail to define the m-periodic derived
Hall algebra of A without appending the K-elements.
If A is a hereditary abelian category with Euler form skew

symmetric, i.e. (a,8) =0 for any o, 8 € K(A),
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Remarks for even periodic derived Hall algebras

If mis an even positive integer, we fail to define the m-periodic derived
Hall algebra of A without appending the K-elements.

If A is a hereditary abelian category with Euler form skew
symmetric, i.e. («,3) =0 for any o, 8 € K(A), then the K-elements
are central in the m-periodic extended derived Hall algebra

DHE(A).
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Remarks for even periodic derived Hall algebras

If mis an even positive integer, we fail to define the m-periodic derived
Hall algebra of A without appending the K-elements.

If A is a hereditary abelian category with Euler form skew
symmetric, i.e. («,3) =0 for any o, 8 € K(A), then the K-elements
are central in the m-periodic extended derived Hall algebra

DHE,(A). Hence, in this case, the m-periodic derived Hall algebra
DHm(A) can be defined without appending the K-elements.
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Remarks for even periodic derived Hall algebras

If mis an even positive integer, we fail to define the m-periodic derived

Hall algebra of A without appending the K-elements.

If A is a hereditary abelian category with Euler form skew

symmetric, i.e. («,3) =0 for any o, 8 € K(A), then the K-elements

are central in the m-periodic extended derived Hall algebra

DHE,(A). Hence, in this case, the m-periodic derived Hall algebra

DHm(A) can be defined without appending the K-elements.

We remark that Chen, Lu and Ruan have defined the Hall algebra of root

categories without appending K-elements.

@ J. Chen, M. Lu, S. Ruan, Derived Hall algebras of root categories,
arXiv:2303.01670, 2023.
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Remarks for even periodic derived Hall algebras

If mis an even positive integer, we fail to define the m-periodic derived
Hall algebra of A without appending the K-elements.

If A is a hereditary abelian category with Euler form skew

symmetric, i.e. («,3) =0 for any o, 8 € K(A), then the K-elements
are central in the m-periodic extended derived Hall algebra

DHE,(A). Hence, in this case, the m-periodic derived Hall algebra
DHm(A) can be defined without appending the K-elements.

We remark that Chen, Lu and Ruan have defined the Hall algebra of root

categories without appending K-elements.

@ J. Chen, M. Lu, S. Ruan, Derived Hall algebras of root categories,
arXiv:2303.01670, 2023.

In fact, their Hall numbers are defined in root categories by splitting the

set Hom(M, L) 71} into smaller subsets Hom(M, L) 7[5 for 6 € K(A).
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Odd periodic derived Hall algebras

Theorem [Z. 2023]

Let m be an odd positive integer. The m-periodic derived Hall algebra
DHm(A) is an associative algebra and isomorphic to the derived Hall
algebra of Dp,(.A) defined by Xu-Chen.
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Odd periodic derived Hall algebras

Corollary [Z. 2023]

Let m be an odd positive integer. For any A;, B;, C;, M; € A with i € Z,,
we have that
- Y (g HX HM
q i§m< i-1,Ci) H ( L[1)@A;,Bi@®li—1[—1] " "Ji[1]®Xi,CidJi—1 *1])
[1:1,[X:],[Ji]EIso(A )i €EZm 1€ZLm A a4
ALJ HY HY:
=% Al @A, Yieh_i[-1] Tulles, cesfi-1]
S IR | { )
, g = aj.
[11,1Y:],[Ji)€ls0(A ), i€Zpm, i€2m ! !
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Odd periodic derived Hall algebras

Corollary [Z. 2023]

Let m be an odd positive integer. For any A;, B;, C;, M; € A with i € Z,,
we have that
- Y (g HX HM
q i§m< i-1,Ci) H ( L[1)@A;,Bi@®li—1[—1] " "Ji[1]®Xi,CidJi—1 *1])
[1:1,[X:],[Ji]EIso(A )i €EZm 1€ZLm A a4
ALJ HY HY:
=% Al @A, Yieh_i[-1] Tulles, cesfi-1]
S IR | { )
, g = aj.
[11,1Y:],[Ji)€ls0(A ), i€Zpm, i€2m ! !

This formula may be viewed as the odd periodic version of Green's
formula.

Haicheng Zhang
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An algebra embedding

Let m be an odd positive integer.
Theo [Z.-Zhang-Zhu 2023]
There exists an embedding of algebras ¢, : DH;(A) — DHE(A) defined
by
upy = uMUK—%MO’ ifm=1;
and
1mfl m—1 P m—1 P 1 m—1 Pero m—1 fefo m—1 = m—1 P
7 2 (X )My, ¥ (DM — ¢ 2 (D) M, 3 (=D M)+ 3 (M, 3 (=D M)
U My v =L k=0 k=0 k=0 k=0 =0 k=1
i€lm
v v I K met L ifm > 1
i€Zm i€Zm —3% k¥0(71)k/\”/l,-+1+k,i
for any M; € A with | € Z,,.
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Revisit: m-periodic extended derived Hall algebra

Definition

The Hall algebra DHE (A), called the m-periodic extended de-

rived Hall algebra of .A is the C-vector space with the basis

{ve mi TT Kaii | [M] € Iso(A),a; € LK(A) forall i € Zp}, and
i€Zm i€Zm

with the multiplication defined on basis elements by

(v @ Al IT Ka; i) g B;1i] IT Ks;.0 =

i€lm  i€Zm i€Lm i€

. m—1 o m=1
—Um—1,00+B0)+ X Uioj 148+ X2 (Mi=Mi 1,0+ 3 i1y —Uoom—1)
v30 v i=1 i€Zm i=1

0,1, M1 €150(A )i €Zm

HMi

i®A;, B @l _11—1]
I ———u ® mil H o480
i€Zm Ij i€Zm ie

where ag = 3 (A, B)+ 3 (i, Bi—Bij1)+ Z (@i, Bi—1)—(am-1, Bo)-

i€ZLm i€Lm

By convention, Z X; = x1, if m=1.
i=1
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Remark

Periodic derived Hall algebras of



As the m-periodic extended derived Hall algebra DHE, (A ) is isomorphic

to the twisted semi-derived Ringel-Hall algebra,
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As the m-periodic extended derived Hall algebra DHE, (A ) is isomorphic
to the twisted semi-derived Ringel-Hall algebra, the theorem above can
give an embedding of algebras from the odd periodic derived Hall algebra
DHm(A) to the twisted semi-derived Ringel-Hall algebra.
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As the m-periodic extended derived Hall algebra DHE, (A ) is isomorphic
to the twisted semi-derived Ringel-Hall algebra, the theorem above can
give an embedding of algebras from the odd periodic derived Hall algebra
DHm(A) to the twisted semi-derived Ringel-Hall algebra.

This is essentially the algebra embedding recently provided by Lin-Peng
[LP].
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As the m-periodic extended derived Hall algebra DHE, (A ) is isomorphic
to the twisted semi-derived Ringel-Hall algebra, the theorem above can
give an embedding of algebras from the odd periodic derived Hall algebra
DHm(A) to the twisted semi-derived Ringel-Hall algebra.

This is essentially the algebra embedding recently provided by Lin-Peng
[LP]. We remark that the extended semi-derived Ringel-Hall algebra in
[LP] is the untwisted version.
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As the m-periodic extended derived Hall algebra DHE, (A ) is isomorphic
to the twisted semi-derived Ringel-Hall algebra, the theorem above can
give an embedding of algebras from the odd periodic derived Hall algebra
DHm(A) to the twisted semi-derived Ringel-Hall algebra.

This is essentially the algebra embedding recently provided by Lin-Peng
[LP]. We remark that the extended semi-derived Ringel-Hall algebra in
[LP] is the untwisted version.

Compared with [LP], our homomorphism is defined on the basis elements
of DHm(A),
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As the m-periodic extended derived Hall algebra DHE, (A ) is isomorphic
to the twisted semi-derived Ringel-Hall algebra, the theorem above can
give an embedding of algebras from the odd periodic derived Hall algebra
DHm(A) to the twisted semi-derived Ringel-Hall algebra.

This is essentially the algebra embedding recently provided by Lin-Peng
[LP]. We remark that the extended semi-derived Ringel-Hall algebra in
[LP] is the untwisted version.

Compared with [LP], our homomorphism is defined on the basis elements

of DHm(A), rather than just on generating elements.

El [LP] J. Lin, L. Peng, Semi-derived Ringel-Hall algebras and Hall alge-
bras of odd-periodic relative derived categories, Scinence China Math-

ematics, online.
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Thanks

Thank you!

Periodic derived Hall algebras of



