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Artin braid groups and Weyl groups

Let à be a spherical/Euclidean Dynkin diagram.

Definition (Artin briad group associated to à)

Brà : “ xbi | i P à0y
M

pBrmi j pbi , bjq | @i , j P à0q

for i
mi jÝÝÑ j (mi j “ 2 if E and omitting mi j “ 3).

Here Brmpa, bq : aba ¨ ¨ ¨
loomoon

m

“ bab ¨ ¨ ¨
loomoon

m

.

Co “ Br2 : ab “ ba, Br “ Br3 : aba “ bab and Br4 : abab “ baba.
Definition (Weyl groups)

WQ : “ BrQ
M

pb2i “ 1 | @i P à0q

Qiu Yu (Tsinghua) Deformation of 3-Calabi-Yau categories, moduli spaces and Artin braid groups2024.08 5 / 33



Artin braid groups and Weyl groups

Let à be a spherical/Euclidean Dynkin diagram.

Definition (Artin briad group associated to à)

Brà : “ xbi | i P à0y
M

pBrmi j pbi , bjq | @i , j P à0q

for i
mi jÝÝÑ j (mi j “ 2 if E and omitting mi j “ 3).

Here Brmpa, bq : aba ¨ ¨ ¨
loomoon

m

“ bab ¨ ¨ ¨
loomoon

m

.

Co “ Br2 : ab “ ba, Br “ Br3 : aba “ bab and Br4 : abab “ baba.
Definition (Weyl groups)

WQ : “ BrQ
M

pb2i “ 1 | @i P à0q

Qiu Yu (Tsinghua) Deformation of 3-Calabi-Yau categories, moduli spaces and Artin braid groups2024.08 5 / 33



Artin braid groups and Weyl groups

Let à be a spherical/Euclidean Dynkin diagram.

Definition (Artin briad group associated to à)

Brà : “ xbi | i P à0y
M

pBrmi j pbi , bjq | @i , j P à0q

for i
mi jÝÝÑ j (mi j “ 2 if E and omitting mi j “ 3).

Here Brmpa, bq : aba ¨ ¨ ¨
loomoon

m

“ bab ¨ ¨ ¨
loomoon

m

.

Co “ Br2 : ab “ ba, Br “ Br3 : aba “ bab and Br4 : abab “ baba.
Definition (Weyl groups)

WQ : “ BrQ
M

pb2i “ 1 | @i P à0q

Qiu Yu (Tsinghua) Deformation of 3-Calabi-Yau categories, moduli spaces and Artin braid groups2024.08 5 / 33



Artin braid groups and Weyl groups

Let à be a spherical/Euclidean Dynkin diagram.

Definition (Artin briad group associated to à)

Brà : “ xbi | i P à0y
M

pBrmi j pbi , bjq | @i , j P à0q

for i
mi jÝÝÑ j (mi j “ 2 if E and omitting mi j “ 3).

Here Brmpa, bq : aba ¨ ¨ ¨
loomoon

m

“ bab ¨ ¨ ¨
loomoon

m

.

Co “ Br2 : ab “ ba, Br “ Br3 : aba “ bab and Br4 : abab “ baba.
Definition (Weyl groups)

WQ : “ BrQ
M

pb2i “ 1 | @i P à0q

Qiu Yu (Tsinghua) Deformation of 3-Calabi-Yau categories, moduli spaces and Artin braid groups2024.08 5 / 33



Artin braid groups and Weyl groups

Let à be a spherical/Euclidean Dynkin diagram.

Definition (Artin briad group associated to à)

Brà : “ xbi | i P à0y
M

pBrmi j pbi , bjq | @i , j P à0q

for i
mi jÝÝÑ j (mi j “ 2 if E and omitting mi j “ 3).

Here Brmpa, bq : aba ¨ ¨ ¨
loomoon

m

“ bab ¨ ¨ ¨
loomoon

m

.

Co “ Br2 : ab “ ba, Br “ Br3 : aba “ bab and Br4 : abab “ baba.
Definition (Weyl groups)

WQ : “ BrQ
M

pb2i “ 1 | @i P à0q

Qiu Yu (Tsinghua) Deformation of 3-Calabi-Yau categories, moduli spaces and Artin braid groups2024.08 5 / 33



Hyperplane arrangements

Let hà be some complex space (e.g. the Cartan subalgebra of type à)
with regular part hregà (e.g. deleting certain hyperplanes):

hregà : “ hà ∖
`

ď

α

Hα
˘

.

It is well-known that the Weyl group Wà acts on h
reg freely with

π1phregà {Wàq “ Brà .
Moreover, such a quotient space is Kpπ, 1q:
Theorem (Deligne, Paolini-Salvetti)

The universal cover of hreg{Wà is contractible.

Remark: Kontsevich-Zorich conjecture that ‘Each connected component of the

(strata of) moduli spaces of quadratic differentials is Kpπ, 1q.
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Topological generators

Braid twist (=half Dehn twist) along a simple closed arc:

η
‚̋ ‚̋

Bη η
‚̋ ‚̋

L-twist (=point-pushing diffeo.) along an L-arc:

‚̋ ζ
Lζ

‚̋ ζ
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Geometric generator: braid twist
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Geometric generator: L-twist

collision
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Affine type C Strix
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Affine type B Mix
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Affine type D Fox
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Deformed N-Calabi-Yau completion (Keller)

Let A be a dg algebra.

Let Ae “ Ab Aop, θ “ RHomAe pA,Aeq.
The N-Calabi-Yau completion of A ΠNpAq is

TApΘq “ A‘Θ‘ `

ΘbA Θ
˘ ‘ ¨ ¨ ¨

for Θ “ θrN ´ 1s.
Given

c P HHN´1pAq – HomDpAeqpΘ, Ar1sq.
The deformed N-Calabi-Yau completion is ΠNpA, cq by adding c into the
differential of ΠpAq. The perfectly-valued/f.d. derived category pvdpΠNpA, cqq is
N-Calabi-Yau.
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Deformation of 3-CY categories via QP

Given a quiver with potential pQ,W q. Let A “ kQ and c “ cpW q.
There is a 3-CY cat. D3pQ,W q “ pvdpΓpQ,W qq– pvdpΠ3pA, cqq.

1

a1

2

a2

3

a3
Qù Q

W “ a1a2a3

1

e˚
1

a˚
1

a1

2

e˚
2

a˚
2

a2

3

e˚
3

a˚
3

a3

Diff.:

#

ř

iPQ0
de˚
i “ ř

aPQ1
ra, a˚s,

da˚ “ BaW.
e.g.

#

dei “ aj´1a˚
j`1 ´ a˚

j`1aj´1,

da˚
j “ aj`1aj´1.
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QPs associated to triangulations

Given a triangulation T of SÀ and a partition À “ K Y L of the set of punctures.

waning vs. waxing Crescent. Turn waxing Crescent into vortex (YinYang)

The quiver is QK,Y
T =(arcs, angles).
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The potential is WK,Y
T “ ř

TPTWT ´ ř

V PLWV .

D3pSK,Yq “ D3pQK,Y
T ,W

K,Y
T q.

When there are self-folded triangles and Y ‰ ∅, modification is needed.Qiu Yu (Tsinghua) Deformation of 3-Calabi-Yau categories, moduli spaces and Artin braid groups2024.08 16 / 33
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Examples: QPs

T`

T´

‚

‚ ‚

‚‚

‚

‚

■ÀP2■ÀP1

pK,Lq “ pÀ,∅q and WÀ
T “ WT`

`WT´
.

pK,Lq “ pP1, P2q and WK,Y
T “ WT`

`WT´
´WP1 .

pK,Lq “ p∅,Àq and WY
T “ WT`

`WT´
´WP1 ´WP2 .
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Stability conditions on triangulated categories

A stability condition σ “ pZ,Pq on D =
a central charge Z &

a slicing, i.e. a R-collection of t-structures,
satisfying contain condition.

Theorem (Bridgeland)

StabD is a C-manifold with local coordinate Z P HompKpDq,Cq.
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Stab as Quad (CHQ vs. Q vs. BS)

Theorem (Q)

There is an isomorphism between complex orbifolds

FQuad˘pSK,Yq
MCGpSK,Yq – Stab

˝pD3pSK,Yqq
Aut˝D3pSK,Yq ,

which specializes to

Bridgeland-Smith for pK,Yq “ p∅,Àq.
Christ-Haiden-Q for pK,Yq “ pÀ,∅q.

Foliation = Slicing

Period map = Central charge &

Broken geodesic = HN-filtration.
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Stab as Quad (CHQ vs. Q vs. BS)

Theorem (Q)

There is an isomorphism between complex orbifolds

FQuad˘pSK,Yq
MCGpSK,Yq – Stab

˝pD3pSK,Yqq
Aut˝D3pSK,Yq ,

which specializes to

Bridgeland-Smith for pK,Yq “ p∅,Àq.
Christ-Haiden-Q for pK,Yq “ pÀ,∅q.

Foliation = Slicing

Period map = Central charge &

Broken geodesic = HN-filtration.
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Examples: QPs

T`

T´

‚

‚ ‚

‚‚

‚

‚

■ÀP2■ÀP1

pK,Lq “ pÀ,∅q and WÀ
T “ WT`

`WT´
:

Stab˝pD3pSÀ∆ qq{Aut – Quadp0; 14, p´2q2,´4q.

pK,Lq “ pP1, P2q and W
K,Y
T “ WT`

`WT´
´WP1 :

Stab˝pD3pSK,Yqq{Aut – ¨ ¨ ¨
ğ

Quadp0; 13,´1,´2,´4qZ2 .

pK,Lq “ p∅,Àq and WY
T “ WT`

`WT´
´WP1 ´WP2 :

Stab˝pD3pSYqq{Aut – ¨ ¨ ¨
ğ

Quadp0; 12, p´1q2,´4qZ
2
2 .
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Affine type CBD hyperplane arrangements

Let

V0 “ tx “ px1, . . . , xnq P Cn | xj ‰ ˘xk ,@j ‰ ku (1)

and
$

’

&

’

%

V
ĂCn

“ tx P V0 | @xj R 12Zu,
V

ĂBn
“ tx P V0 | @xj R Zu,

V
ĂDn

“ V0.
(2)

Then there are homotopy equivalences

Và{Wà » hregà {Wà

for à “ ĂCn,ĂBn or ĂDn.
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The explicit map

Consider the following map

ι : C e2πip?qÝÝÝÑ C˚ ηÝÝÝÝÑ C0,1,
x ÞÑ y ÞÑ 1

4 p1´ yqp1´ 1
y q,

where C0,1 “ C∖ t0, 1u and η is a branched double cover.
It induces a homotopy equivalence

V
ĂCn

{W
ĂCn

» confnpC0,1q, (3)

where Sn is permutation group of n elements.
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Affine type C Strix

η2 η3
ζ5ζ0

η1 η4

‚ÀP1‚ÀP0 ‚̋‚̋ ‚̋‚̋ ‚̋

‚

‚ ‚

η2 η3

ζ0

η1 η4

ζ5

4 4
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Affine type C Strix

FQuadpSÀq consists of differentials of the form (with a ZZ-framing)

φpzq “ λ ¨
śn
i“1pz ´ zi q
z2pz ´ 1q2 dz

2, λ P C˚, zi P C0,1, zi ‰ zj .

Hence, FQuadpSÀq is homotopy equivalent to confnpC0,1q:
FQuadpSÀq »ÝÝÑ confnpC0,1q » hreg

ĂCn
{W

ĂCn
. (4)

The contractible space Stab˝pD3pSÀ∆ qq – FQuadTpSÀ∆ q is the universal cover of
FQuadpSÀq “ FQuadp0; 1n, p´2q2,´n ´ 2q,

with covering group

π1 FQuadpSÀq “ BrpĂCnq.
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Affine type B Mix

η2 η3

η1

ζ0

η4

η5

‚Y
P1

‚ÀP0 ‚̋‚̋ ‚̋‚̋ ‚̋

‚

‚ ‚

η2 η3

ζ0

η1 η4

η5

4
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Affine type B Mix

Partial compactification with orbifolding = adding back certain hyperplanes

(in the covering).

Hence:

FQuadpSK,Yq »ÝÝÑ confnpC0,1q1 » hreg
ĂBn

{W
ĂCn
. (5)

and then

FQuad˘pSK,Yq » hreg
ĂBn

{W
ĂBn
.

with

π1 FQuad
˘pSK,Yq “ BrpĂBnq. (6)
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Affine type D Fox

η2 η3

η0

η1

η5

η4

‚Y
P1

‚Y
P0

‚̋‚̋ ‚̋‚̋ ‚̋

‚

‚ ‚

η2 η3

η0

η1 η4

η5
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Affine type D Fox

Similarly,

FQuadpSYq »ÝÝÑ confnpC0,1q0,1 » hreg
ĂDn

{W
ĂCn
. (7)

and then

FQuad˘pSYq » hreg
ĂDn

{W
ĂDn
.

with

π1 FQuad
˘pSYq “ BrpĂDnq. (8)
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Summary

à : any non-exceptional spherical/Dynkin diagram; D a DMSx SK,Y such that:

Theorem (Q)

There is a homotopy equivalence

FQuad˘pSK,Yq » hregà {Wà

whose fundamental group fits into the following commutative diagram:

1 Brpàq SBrpSK,Yq H1pSYq 1

1 π1 FQuad
˘pSK,Yq π1 conf∆pSK,Yq H1pSq ‘ Z‘Y

2 1.

AJY

In the ‘lattice’ case (i.e. spherical, rAn or rCn), a contractible universal cover of

hregà {Wà is given by Stab
˝pD3pSK,Y

∆ qq.
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The Comparison: Strix-Mix-Fox as C-B-D

POV DMSp SÀ∆ DMSx SK,Y
∆ DMSv SY∆

Moduli Space
Natural Natural„ish Unnatural

Dynamical System

Quiver Algebras Natural
soso

Natural

Rep. Theory Gentle/inf.d. Skew-gentle/f.d.

Quiver w/ Potential Unnatural
Unnatural

Natural

Cluster theory Degenerate Non-degenerate

Perverse Schobers
Natural - -

Higher cat.

DT-invariants
Natural ? Natural?

Math. Physics

Hyperplane
Natural Natural Natural

Arrangements
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Thank you!

shape-shifting

D correspondences:
Alg: Change of twist groups.

Cat: Deformation of 3-Calabi-Yau categories.

Geo: Partial compactification with orbifolding of moduli spaces.

Top: Taking sub-quotient of mapping class groups (as π1).

Qiu Yu (Tsinghua) Deformation of 3-Calabi-Yau categories, moduli spaces and Artin braid groups2024.08 33 / 33


	Deformation of Artin Braid groups
	Deformation of 3-Calabi-Yau categories
	Deformation of moduli spaces
	Deformation of fundamental groups

