Rigidity dimensions and the Euclidean algorithm

Wei Hu
Beijing Normal University

joint with Dr. Xiaojuan Yin

ICRA 21, Aug 8, 2024, Shanghai Jiao Tong University

ICRA 21, Aug 8, 2024, Shanghai Jiao Tong
Wei HuBeijing Normal University (joint with Rigidity dimensions and the Euclidean algoritisWAY)




@ Rigidity dimensions of finite dimensional algebras
9 Representation-finite self-injective algebras

e Weighted Fibonacci sequences

@ Rigidity degrees of indecomposables

© Global dimensions of endomorphism algebras

© Rigidity dimensions of selfinjective Nakayama algebras

ICRA 21, Aug 8, 2024, Shanghai Jiao Tong
Wei HuBeijing Normal University (joint with Rigidity dimensions and the Euclidean algoritiSwy5]




1. Rigidity dimensions

@ A: finite dimensional algebra
0— aAA — I° = ' — ... : minimal injective resolution
@ The dominant dimension of A is
dom. dim(A) := inf{d € N | I' is NOT projective} U {oo}
@ The global dimension of A is

gl. dim(A) := sup{proj.dim X | X € A-mod}
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The representation dimension of A [Auslander, 1971]

rep. dim(A) = inf{gl. dim End (M) | M is a gen-cogen.}

The higher representation dimension [lyama, 2005]

rep. dim,,(A) := inf {gl. dim Endp (M) M'is a gen-cogen and }

dom.dim Enda (M) > n+1

rep. dim(A) = rep. dim; (A) is always finite [lyama, 2003]

rep. dim,,(A) can be co when n > 1.
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The Rigidity dimension of A [CFKKY, 2021]

L _ . M : gen-cogen and
rig. dim(A) = sup {dom- dim End, (M) gl. dim Endy (M) < oo }

Basic Facts:
(1) rep.dim,(A) < oo if and only if rig. dim(A) > n+ 1.
(2) If A has a maximal n-orthogonal module, then
rig. dim(A) > n+ 2
(3) A: non-selfinjective
rig. dim(A) < inj. dim AA < gl. dim(A) + 1
ﬁ H. X. CHEN, M. FANG, O. KERNER, S. KOENIG AND K. YAMAGATA, Rigidity
dimension of algebras. Mathematical Proceedings of the Cambridge Philosophical Society

170 (2021), 417-443.
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(4) H: non-semisimple hereditary algebra.
rig.dim H = 2

Trivial extension of H: type A, (CFKKY), type D,, (Chen-Xing,
2022), type E (R. Marczinzik)
(5) For a module X, its rigidity degree is

rd(X) := sup{d > 0 | Ext'(M, M) = 0,0 < i < d}.
(6) [Maller, 1968] M: gen-cogen.
dom. dim End(M) = rd(M) + 2
(7) A: gendo-symmetric. Then
rig. dim(A) < dom. dim(A)

(8) H*:= HH*(A)/N, N: set of nilpotent elements.
If H* # H° (not concerntrated in degree zero), define

§(A) :=min{i > 0| H' # 0}.
Then rig. dim(A) < §(A) + 1.
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(9) A-mod ~ I'-mod satisfying one of the following

e A, T have no nodes
e The stable equivalence is of Morita type
e The stable equivalence is a triangle equivalence.

Then rig. dim(A) = rig. dim(T).

Question: How to calculate the rigidity dimension of an algebra A?
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(9) A-mod ~ I'-mod satisfying one of the following

e A, T have no nodes
e The stable equivalence is of Morita type
e The stable equivalence is a triangle equivalence.

Then rig. dim(A) = rig. dim(T).

Question: How to calculate the rigidity dimension of an algebra A?
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(9) A-mod ~ I'-mod satisfying one of the following

e A, T have no nodes
e The stable equivalence is of Morita type
e The stable equivalence is a triangle equivalence.

Then rig. dim(A) = rig. dim(T).

Question: How to calculate the rigidity dimension of an algebra A?
e Find a gen-cogen M with gl. dim Endy (M) < oo
o Calculate dom. dim Enda (M) = 2 + rd(M).
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(9) A-mod ~ I'-mod satisfying one of the following

e A, T have no nodes
e The stable equivalence is of Morita type
e The stable equivalence is a triangle equivalence.

Then rig. dim(A) = rig. dim(T).

Question: How to calculate the rigidity dimension of an algebra A?
e Find a gen-cogen M with gl. dim Endy (M) < oo
o Calculate dom. dim Enda (M) = 2 + rd(M).
@ Prove that gl. dim End (N) = oo for all gen-cogen N (if exists) with

rd(N) > rd(M).
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2. Representation-finite selfinjective algebras
Question: A: fin dim rep-finite selfinjective /K, K = K

rig. dim(A) =7

A: indec. non-simple rep-fin. selfinjective algebra.

The stable AR-quiver of A is
Is(A)=ZA/G

A is a Dynkin diagram.
G=(t"¢),n>1, ¢ € Aut ZA with a fixed vertex.

A=A3:3—>2—1,ZAis
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ma — 1 =maximal length of nonzero paths in k(ZA).

A ‘AT D, Es E; Eg
mA‘ r 2r—3 11 17 29

s: the order of ¢.
(A, n/mp, s) is called the type of A.
Ap,m: Nakayama algebra with n simples and radical length m.

The type of Ay is (Apm-1, 72, 1)

B(e,m): Brauer tree algebra with e simples and exceptional multiplicity m.
Its type is (Aem, 1/m, 1).
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All possible types: (ADE)
e (4,,n/r1), nneN;
o (Azpt1,u,2), p,seN,;
@ (Dpyu,1), nue N r>4,
o (D3y,u/3,1), wyue Nyw> 2,31y
o (Dyu,2), nue N, r>4,
@ (D4, u,3), ueN;
o (Epul), r=6,7,8 ueN;
o (Es,u,2), ueN.

When A is of type (A, u, s), A has ru simple modules.
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Fact: For a module X over a selfinjective algebra, we have

rd(X) = rd(7X) = rd(2(X))

A: indec. non-simple selfinjective algebra of finite rep. type

Let X be an indecomposable module corresponding to the vertex
(a, t) on its stable Auslander-Reiten quiver, then rd(X) depends only
on t, we write rd(¢) for rd(X).

Question: rd(t) =7
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3. Weighted Fibonacci sequences

Given a sequence of integers ky, ko, - - , k-, we define
0, i=—1
F7, = 1, 7:: 0

kFioi+Fig, i=1,---,1

called the weighted Fibonacci sequence with weight sequence ki, --- , k.

Given two positive integers m, n, the Euclidean algorithm gives
m=kon+ s, n=ks+s, 8= kat184+1+ Sat2,  Sar2 =0

The weighted Fibonacci sequence determined the sequence £y, - -+ , kgy1 is
denoted by F(m,n).
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Example
m=32,n=18, set sg = n

ilo 1 2 3 4
11 1 3 2
s; |18 14 4 2 0
F,l1 1 4 9
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4. Rigidity degrees of indecomposables

Type A: Suppose A is of type (A1, -, 1)

w(a,t) = (a+t,m—t), rd(t) = rd(m — t).
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Theorem (H-Yin 2024)

Suppose A is of type (Apm—1, -"5,1), m = 2.
F = F(m, n): the weighted Fibonacci sequence determined by m, n.

For 0 < t < m/2, we have

2F; — 1, sl+1<t<sl,l<d+1iseven
orl=d+1
rd(f) = ri= e .
2F;, S1 S t< s, l< d+1 is odd

2Fgp1 —Fg), d+1isodd t=sqq < m/2

ﬁ WEI Hu, X1A0JUAN YIN Rigidity degrees of indecomposable modules over
representation-finite self-injective algebras. J Pure Appl Algebra 228(2024) 107498.
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Example. m=32,n=18, d=2

i 0 1 2 3 4
s; |18 14 4 2 0
F, 11 1 4 9
range of ¢t | (0,2) 2 (2,4) | [414] | (14,16]
I‘d(t) 2F3 —1 2(F3 — F2) 2F2 -1 2F1 2F0 -1
17 10 7 2 1
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Theorem (H-Yin 2024)
Suppose that A is of type (Apm—_1,u,s). Set
M=m, N=ulm-—1), whens=1, and

M=um—1)+m/2, N=2u(m-—1), whens=2.

F = F(M, N): the weighted Fibonacci sequence determined by M, N.
For t < m/2, we have

rd(¢) condition

%Fl—l, Sip1 < t< sy, liseven, orl=d+1;

2F), s1 < E< s, [< d+ 1 is odd;

%(Fd+1 e Fd), d is even and t = sgy1 < m/2_

v
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The Coxeter number of A:
ha = ma +1
For A= A,,_1, mn =m—1 and hao = m.
Now for type (A, u, s), where A is of type D or E, we define
ha = ha/2, n=wuma, F=F(hp,n)

Dyt Eg Er

ICRA 21, Aug 8, 2024, Shanghai Jiao Tong
Wei HuBeijing Normal University (joint with Rigidity dimensions and the Euclidean algoritiSs{ V]




Type (Dyi1, u, s) [H-Yin, 2024]

vertex t | rd(t) condition
F,—1, Sip1 < t < g, Lis even,
s#3 t<m orl=d+1
Fi, Sl ST s, < d+1isodd
Fir1 —Fg d+1lisodd and t= 5441 <m
s#£3,m=n =mg | O
Fi—1, m| n,F1 + n+ sis odd
2F; —1, m| n,Fy + n+ sis even

s#E3,m<n|t=my Fi, m1 n,F1 + n+ sis even

Fi+Fa, m{n,F1 + n+ sis odd
3F —1, uv=0 (mod 3)

t#2 | Fyq, u=1 (mod 3)
s=3 2Fy, u=2 (mod 3)

o Fl—l, 3|U

t=2 F1, 3J[u
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Type (E7,u,1) [H-Yin, 2024]

A=FE;, hy=9

[uo 0 1 2 3 4 5 6 7 8
t= Fi—1|Fi+3F | Fi+F; Fs—1 | F Fi+3F, | F,—1 | Fi+F; | Fy
t=2 F1—1 F1 F1+F2 F1 F1 F1 2F1 F1 F1
t=3,45|F -1 |F F, Fi F, Fi F Fi F;
t=6 | Fi—1|F+2F | Fi43F |F | Fi+F | F oF |2 R
t=17 F1—1 F1+F2 Fl F1 F1 F1 F1 2F1 F1
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Type (Eg, u,1) [H-Yin, 2024]

A=E, k=15
[u]1s 0 1 2 3 4 516 7
t=1 Fi—1 | F +4F; | Fs Fi+2F, | Fi+F+F5 | Fy | 2F3 | Fi+F,
t=2 Fi—1]|F Fi+F, |Fi+F2 | F; Fy | F1 | Fi+F2
t=3,456 | F—-1|F Fi Fi F1 Fy | Fy | Fy
t=7 Fi—1 | F+2F | Fi+2F | Fy Fi1+F; Fi [Fi | F14+F2
t=8 Fi—1|F+F |F F F, Fy | Fy | Fy

[u]1s 8 9 [10 |11 12 (13 | 14

t= Fi+F2 | Fy | 2Fy | Fi+F2 | 2Fy | 3F | Fy

t=2 Fi Fi |Fi |Fi+F2 |2F |F1 | Fy

t=3,456 | F; Fi | Fi | F1 Fi. |Fi |F

t=7 Fi Fi | 2F; | Fy 2F; | 2F; | Fy

t=8 Fi Fi | Fi F1 F1 2F; | Fy
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Type (Eg, u, 8), iy = 6 [H-Yin, 2024]

(Es,u,8),s=1,2

[uls |0 1 2 [3 74 |5
(=3 | F—1|F R | F
t=6|F —1|F +Fy | F1 | Fy | 2F; | Fy
(Es,u,1), |u/6] is even
(Es,u,2),|u/6] is odd
(W |0 1 2 314 |5
t=1,5 | Fi—1|Fi+2F | F1+Fs | Fy | 2F; | 3F;
t=24|F -1k Fi Fi | F1 | 2F;
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Type (Eg, u, 8), iy = 6 [H-Yin, 2024]

(Es,u,1),|u/6] is odd
(E6,u,2),|u/6] is even

[u]g 0 1 2 3 4 |5
t=1,5|2F —1 | Fi+4Fy | Fy | F{+Fy | 2F; | Fy
t=2,4|2F, —1]|F; Fi | Fy Fi. |Fy
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5. Global dimensions of endomorphism algebras
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Endomorphism algebras of finite global dimension

Question: How to find gen-cogen M with gl. dim Enda (M) < co?

Lemma

A: fin. dim. alg.,, M: gen-cogen. of A. T := End,(M).
X: A-module. If proj. dimp Homp (M, X) < oo, then

gl.dim Endy (M & X) < co = gl. dim Endj (M) < oo
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Theorem

A: fin. dim. alg.

0—X— Y—7Z—0: AR-seq. over A.
M: gen-cogen. of A with Y € add(M).
If X or Z belongs to add(M), then

gl. dim Endj (M) < co< gl. dimEndy (M@ X & Z2) < oo
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Example

A: selfinj. Nakayama alg. with 3 simples and Loewy length 4.
M: direct sum of modules corresp. to red vertices.

(3,4)

o NN
o NN
NN

Then gl. dim Endy (M) < oo.
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Mg,  gl.dimEnd(Ms) = 2. This implies gl. dim End(M) < oo.

(0.4)

N NN

(3,3 «(0,3)

NV VN

(3,2
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Proposition (Liu-Xi 2006)
A: selfinjective algebra

X: A-module
Then

gl. dim Endy (A & X)
= gl.dimEndj (A @ Qa(X))
= gl.dimEndy (A @ 7X)
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N‘f: gen-cogen over A, n,, non-projective part:

Proposition
For Ay, m with m > n. Suppose that t+ 0 < m and § < n. Then

gl. dim End(N?) < oc.
If 6 = n and that m — t— n < t < m/2, then

rd(N}) = rd(t).
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6. Rigidity dimensions of selfinjective Nakayama algebras
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A criterion of infinite global dimension.
M: gen-cogen for A := Ay, m > n.
o Define 6 = max{n, (ky — 1)n}
@ For each z € Z, define

ty = min{t | (z,t+0) € M}
e M s called o-free if (x,t;) ¢ M for all z € Z.

(, m)

(z,1)
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Proposition
I<d+1isodd 0< sy <m/2

M= N& A: gen-cogen. with dom.dim Endy (M) > 2F;+ 3
If both M and QQ(N) @& A are d-free, then

gl. dim End (M) = co.
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Theorem (H-Yin, arXiv:2311.12697)
Suppose that A is type (Apy—1, -*5,1),m > n,m > 2. Then
ko | rig.dim(A) condition
3 m=n_=2
2F1 =2n m=n-+1
1 | 2F +1 s1|mys>1
2F1 + 3 ko =1,8 — s3> 2
2F1 + 2 else
9 2 s1=n—1
3 s1<n—1
>3 |2
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Theorem (H-Yin, arXiv:2311.12697)
Suppose that A is type (Apy—1, -*5,1),m > n,m > 2. Then
ko | rig.dim(A) condition
3 m=n_=2
2F1 =2n m=n-+1
1 | 2F +1 s1|mys>1
2F1 + 3 ko =1,8 — s3> 2
2F1 + 2 else
9 2 s1=n—1
3 s1<n—1
>3 |2

Remark. For m > n, the above result fits the “mysterious” formula
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Theorem (H-Yin, arXiv:2311.12697)
Suppose that A is type (Apy—1, -*5,1),m > n,m > 2. Then
ko | rig.dim(A) condition
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Remark. For m > n, the above result fits the “mysterious” formula
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Thanks!
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