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@ Unexpected show up of signed adjacency matrices
@ Periodicity shadows

© Periodicity shadows of small size
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* algebra = fin.dim. basic k-algebra over k = k;
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Basic notions

* algebra = fin.dim. basic k-algebra over k = k;

* self-injective algebra = algebra A, such that Ap is injective;

* symmetric algebra = algebra A, such that there exists an
associative, symmetric, non-degenerate k-bilinear form A x A — k;
* periodic module = A-module M, such that Q§(M) ~ M, for
some d > 1;

* periodic algebra = algebra A, such that A is periodic as a
module over the enveloping algebra A¢ = A ®, A.

A: symmetric or periodic = A: self-injective;

N\: periodic = all non-projective A-modules are periodic;
All simples are periodic = A: self-injective
[Green-Snashal-Solberg, 2003]
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Basic notions

By an algebra of generalized quaternion type, or a
GQT-algebra, we mean every connected algebra A satisfying the
following:
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By an algebra of generalized quaternion type, or a
GQT-algebra, we mean every connected algebra A satisfying the
following:

(1) A'is symmetric and tame of infinite representation type,

(2) every simple A-module is periodic of period 4.
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By an algebra of generalized quaternion type, or a
GQT-algebra, we mean every connected algebra A satisfying the
following:

(1) A'is symmetric and tame of infinite representation type,

(2) every simple A-module is periodic of period 4.

Note: the class of GQT-algebras contains:

@ the class of so-called algebras of quaternion type [Erdmann,
1990]
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By an algebra of generalized quaternion type, or a
GQT-algebra, we mean every connected algebra A satisfying the
following:

(1) A'is symmetric and tame of infinite representation type,

(2) every simple A-module is periodic of period 4.

Note: the class of GQT-algebras contains:

@ the class of so-called algebras of quaternion type [Erdmann,
1990]

@ the class of all tame symmetric periodic algebras of period 4
(rep.-inf.)
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Basic notions

By an algebra of generalized quaternion type, or a
GQT-algebra, we mean every connected algebra A satisfying the
following:

(1) A'is symmetric and tame of infinite representation type,

(2) every simple A-module is periodic of period 4.

Note: the class of GQT-algebras contains:

@ the class of so-called algebras of quaternion type [Erdmann,
1990]

@ the class of all tame symmetric periodic algebras of period 4
(rep.-inf.)

@ most of the weighted surface/triangulation algebras
[Erdmann-Skowroriski, 2015]
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Take admissible presentation A = kQ/I.
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Take admissible presentation A = kQ/I.

Then Q is the Gabriel quiver of A and there are pariwise different
primitive idempotens e;, indexed by vertices i € Qy = {1,...,n},
such that 14 = Zier e;.
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For a quiver Q = (Qp, Q1), we will denote by a(i, ) the number of
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matrix of Q as the following matrix

Adq = [aj],
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Take admissible presentation A = kQ/I.

Then Q is the Gabriel quiver of A and there are pariwise different
primitive idempotens e;, indexed by vertices i € Qy = {1,...,n},
such that 14 = Zier e;. Moreover, modules P; = e\, i € Qp,
form a complete set of pairwise nonisomorphic projective
A-modules.

The Cartan matrix Cp = [cj] of A contains dimension vectors of
P1,..., Py, as columns, i.e. ¢;j = dimy ej/\e;.

For a quiver Q = (Qp, Q1), we will denote by a(i, ) the number of
all arrows i — j in Q1. Then we define the (signed) adjacency
matrix of Q as the following matrix

Adq = [aj],

where aj = a(i,j) — a(j, i).

Adam Skowyrski (skowyr@mat.umk.pl) Periodicity shadows



Adam Skowyrski (skowyr@mat.umk.pl) Periodicity



If N is a symmetric algebra with every simple A-module periodic of
period 4, then its Cartan matrix satisfy the following identity

Adg -Cp = 0.
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In the context of previous theorem, it is natural to consider the
following equation

(A) AC =0,
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In the context of previous theorem, it is natural to consider the
following equation

(A) AC =0,

where A is a given skew-symmetric matrix with a; = 0 (treated as
the adjacency matrix of unknown quiver), and C is a matrix
variable.
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In the context of previous theorem, it is natural to consider the
following equation

(A) AC =0,

where A is a given skew-symmetric matrix with a; = 0 (treated as
the adjacency matrix of unknown quiver), and C is a matrix
variable.

Problem 1. Describe the set of all matrices A of the form
A = Adg, where @ is the Gabriel quiver of some tame symmetric
algebra with periodic simples of period 4;
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algebra with periodic simples of period 4; or at least a reasonable
superset.

Adam Skowyrski (skowyr@mat.umk.pl) Periodicity shadows



In the context of previous theorem, it is natural to consider the
following equation

(A) AC =0,

where A is a given skew-symmetric matrix with a; = 0 (treated as
the adjacency matrix of unknown quiver), and C is a matrix
variable.

Problem 1. Describe the set of all matrices A of the form

A = Adg, where @ is the Gabriel quiver of some tame symmetric
algebra with periodic simples of period 4; or at least a reasonable
superset.

Problem 2. Having fixed A such that (A) has at least one
solution C € M,(N) with non-zero columns, answer when C = Cx
for a tame symmetric algebra A with periodic simples (period 4).
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Partial solution (i.e. a reasonable superset) of Problem 1 leads to
the notion of a (tame) periodicity shadow, and will be discussed
briefly next.
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the notion of a (tame) periodicity shadow, and will be discussed
briefly next.

Problem 2 seem to be a much harder task... There are some
natural strategies for future work (partially in progress):
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Partial solution (i.e. a reasonable superset) of Problem 1 leads to
the notion of a (tame) periodicity shadow, and will be discussed
briefly next.

Problem 2 seem to be a much harder task... There are some
natural strategies for future work (partially in progress):

o given Q find all matrices C = Cp of possible algebras
N = kQ/I defined on Q; then check whether Adg -C can be
zero; if not then this quiver is not possible...

e find natural interpretation of basis of N'(Adg) in terms of
combinatorics of Q (hopefully, cycles in Q)

o ... 7
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Periodicity shadows

A matrix A € M,(Z) is called a periodicity shadow, if the
following holds:

Adam Skowyrski (skowyr@mat.umk.pl) Periodicity shadows



Periodicity shadows

A matrix A € M,(Z) is called a periodicity shadow, if the
following holds:

PS1) A is a singular skew-symmetric with zeros on the main
diagonal.
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Periodicity shadows

A matrix A € M,(Z) is called a periodicity shadow, if the
following holds:

PS1) A is a singular skew-symmetric with zeros on the main
diagonal.

PS2) A does not admit a nonzero row containing integers of the
same sign.
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Periodicity shadows

A matrix A € M,(Z) is called a periodicity shadow, if the
following holds:

PS1) A is a singular skew-symmetric with zeros on the main
diagonal.

PS2) A does not admit a nonzero row containing integers of the
same sign.

PS3) There exists a symmetric matrix C € M,(N) with non-zero
columns, such that AC = 0.
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Periodicity shadows

A matrix A € M,(Z) is called a periodicity shadow, if the
following holds:

PS1) A is a singular skew-symmetric with zeros on the main
diagonal.

PS2) A does not admit a nonzero row containing integers of the
same sign.

PS3) There exists a symmetric matrix C € M,(N) with non-zero
columns, such that AC = 0.

Note: For every algebra A = kQ/I, that is symmetric and all
simple A-modules are periodic of period 4, the associated adjacency
matrix Adg of its Gabriel quiver Q = Q is a periodicity shadow!
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Periodicity shadows

If A'is additionally tame, then the adjacency matrix A = Adg of its
Gabriel quiver @ = Qp satisfy the following conditions:
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If A'is additionally tame, then the adjacency matrix A = Adg of its
Gabriel quiver @ = Qp satisfy the following conditions:

T1) all entries aj; of A arein {-2,-1,0,1,2}.
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Periodicity shadows

If A'is additionally tame, then the adjacency matrix A = Adg of its
Gabriel quiver @ = Qp satisfy the following conditions:

T1) all entries aj; of A arein {-2,-1,0,1,2}.
T2) each row of A does not contain simultainously: both 2 and 1
or both —2 and —1.

Periodicity shadows
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If A'is additionally tame, then the adjacency matrix A = Adg of its

Gabriel quiver @ = Qp satisfy the following conditions:

T1) all entries aj; of A arein {-2,-1,0,1,2}.

T2) each row of A does not contain simultainously: both 2 and 1
or both —2 and —1.

T3) each row of A cannot have more than four 1's or more that
four —1's.
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Gabriel quiver @ = Qp satisfy the following conditions:

T1) all entries aj; of A arein {-2,-1,0,1,2}.

T2) each row of A does not contain simultainously: both 2 and 1
or both —2 and —1.

T3) each row of A cannot have more than four 1's or more that
four —1's.

Our main objects of study are so called tame periodicity
shadows,
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Periodicity shadows

If A'is additionally tame, then the adjacency matrix A = Adg of its

Gabriel quiver @ = Qp satisfy the following conditions:

T1) all entries aj; of A arein {-2,-1,0,1,2}.

T2) each row of A does not contain simultainously: both 2 and 1
or both —2 and —1.

T3) each row of A cannot have more than four 1's or more that
four —1's.

Our main objects of study are so called tame periodicity
shadows, that is by definition, these periodicity shadows A, which
satisfy the above conditions T1)-T3).
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Periodicity shadows

For a GQT-algebra A, by its shadow, we mean the adjacency
matrix Sy = Adg of its Gabriel quiver Q@ = Q.
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For a GQT-algebra A, by its shadow, we mean the adjacency
matrix Sy = Adg of its Gabriel quiver Q@ = Q. Of course, Sy is
always a periodicity shadow, and it is tame, if A is tame.
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matrix Sy = Adg of its Gabriel quiver Q@ = Q. Of course, Sy is
always a periodicity shadow, and it is tame, if A is tame.

But if Sy a tame periodicity shadow, then A is not necesarilly tame
(or even has periodic simples).
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For a GQT-algebra A, by its shadow, we mean the adjacency
matrix Sy = Adg of its Gabriel quiver Q@ = Q. Of course, Sy is
always a periodicity shadow, and it is tame, if A is tame.

But if Sy a tame periodicity shadow, then A is not necesarilly tame
(or even has periodic simples). More restrictions needed to get a
tool detecting tame algebras (future work).
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Periodicity shadows

For a GQT-algebra A, by its shadow, we mean the adjacency
matrix Sy = Adg of its Gabriel quiver Q@ = Q. Of course, Sy is
always a periodicity shadow, and it is tame, if A is tame.

But if Sy a tame periodicity shadow, then A is not necesarilly tame
(or even has periodic simples). More restrictions needed to get a

tool detecting tame algebras (future work).

Nevertheless, this already gives a pretty dense sieve.
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Periodicity shadows

For a GQT-algebra A, by its shadow, we mean the adjacency
matrix Sy = Adg of its Gabriel quiver Q@ = Q. Of course, Sy is
always a periodicity shadow, and it is tame, if A is tame.

But if Sy a tame periodicity shadow, then A is not necesarilly tame
(or even has periodic simples). More restrictions needed to get a
tool detecting tame algebras (future work).

Nevertheless, this already gives a pretty dense sieve. Namely, from
—1)

(
the total number of 57 2 skew-symmetric integer matrices with
coefficients in [—2, 2] (and zeros on the diagonal) we have only

@ 5 tame periodicity shadows, for n = 3,

@ 12 tame periodicity shadows, for n = 4,

@ < 138 tame periodicity shadows, for n =5, and
@ < 1290 tame periodicity shadows, if n = 6.
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Small size
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Small size

Fix an indecomposable tame symmetric algebra A = KQ/I,
Q@ = Qa, such that all simple A-modules are periodic of period 4.
Let n = |Qo| < 6.
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Small size

Fix an indecomposable tame symmetric algebra A = KQ/I,
Q@ = Qa, such that all simple A-modules are periodic of period 4.
Let n = |Qo| < 6.

Then, up to permutation, its shadow Sy is one of the tame
periodicity shadows computed for n < 6. Using the results of
computation, one can prove the following two theorems.
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Small size

Fix an indecomposable tame symmetric algebra A = KQ/I,
Q@ = Qa, such that all simple A-modules are periodic of period 4.
Let n = |Qo| < 6.

Then, up to permutation, its shadow Sy is one of the tame
periodicity shadows computed for n < 6. Using the results of
computation, one can prove the following two theorems.

Theorem
If n =2, then the quiver @ = Qa is one of the four quivers:

O/\O O/\O CO/NOQ
> — ~N~—0own — ~N~—0r?m —

o oD
~N~—'?r? —
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Q@ = Qa, such that all simple A-modules are periodic of period 4.
Let n = |Qo| < 6.

Then, up to permutation, its shadow Sy is one of the tame
periodicity shadows computed for n < 6. Using the results of
computation, one can prove the following two theorems.
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Small size

If n =3, then Q = Qn is one of the following:

AYAVANAN

Lk
(¢] (¢]
SN AN\ Ceeeael
O=——2©O O=<———-0
[ — S
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Small size

For n = 4, we have exactly 12 tame periodicity shadows, identified
with the following quivers

0O—0 0—>0 0—>0 0—=%0 o0=—=%o0 o0—=<o0

LR P VA I VSR V7

o=x—o0 0O 0x=0 0=<—0 O

O —

A

o O O

ﬁ

X4

N

o O O
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Reconstruction Theorem

Adam Skowyrski (skowyr@mat.umk.pl) Periodicity shadows



Reconstruction Theorem

Let A\ be a tame symmetric algebra with all simple modules
periodic of period 4.
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Reconstruction Theorem

Let A\ be a tame symmetric algebra with all simple modules
periodic of period 4. Then its Gabriel quiver @ (modulo loops) is
obtained from one of the tame periodicity shadows by attaching
disjoint union of 2-cycles.
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Thank you for your attention !!!
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