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Recall on Auslander’s Theorem

Λ : any ring.

M ∈ ModΛ finitely presented, non-projective, EndΛ(M) local.

Γ = EndΛop(TrM) ↠ EndΛ(M)op.

I : the injective envelope of ΓEnd(M)/rad(End(M)).

Theorem (Auslander)

1 For all X ∈ ModΛ, we have

Ext1Λ(X ,HomΓ (TrM , I )) ∼= HomΓ (HomΛ(M ,X ), I ).

2 ModΛ has an almost split sequence

0 // HomΓ (TrM , I ) // E //M // 0.
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Remark

1 No existence theorem of almost split sequence

0 //M // E // τ−M // 0

in ModΛ starting with finitely co-presented M .

2 Auslander’s approach for the AR-formula involves Tor1Λ,

not available in general abelian categories.
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Objective

Provide a new approach to establish AR-formulae and
AR-sequences in abelian categories with a Nakayama functor.



Right Nakayama functor

1 Let A be abelian R-category, where R commutative ring.

2 Let IR be minimal injective co-generator for ModR .

3 Consider D = HomR(−, IR) : ModR → ModR .

Definition

Let P be an additive subcategory of projective objects of A.

A functor ν : P → A is called right Nakayama functor if

for all P ∈ P and X ∈ A, ∃ binatural R-isomorphism

ΦP,X : HomA(X , νP) −→ DHomA(P ,X ).

In this case, νP is a subcategory of injective objects of A.



Right Nakayama functor

1 Let A be abelian R-category, where R commutative ring.

2 Let IR be minimal injective co-generator for ModR .

3 Consider D = HomR(−, IR) : ModR → ModR .

Definition

Let P be an additive subcategory of projective objects of A.

A functor ν : P → A is called right Nakayama functor if

for all P ∈ P and X ∈ A, ∃ binatural R-isomorphism

ΦP,X : HomA(X , νP) −→ DHomA(P ,X ).

In this case, νP is a subcategory of injective objects of A.



Right Nakayama functor

1 Let A be abelian R-category, where R commutative ring.

2 Let IR be minimal injective co-generator for ModR .

3 Consider D = HomR(−, IR) : ModR → ModR .

Definition

Let P be an additive subcategory of projective objects of A.

A functor ν : P → A is called right Nakayama functor if

for all P ∈ P and X ∈ A, ∃ binatural R-isomorphism

ΦP,X : HomA(X , νP) −→ DHomA(P ,X ).

In this case, νP is a subcategory of injective objects of A.



Right Nakayama functor

1 Let A be abelian R-category, where R commutative ring.

2 Let IR be minimal injective co-generator for ModR .

3 Consider D = HomR(−, IR) : ModR → ModR .

Definition

Let P be an additive subcategory of projective objects of A.

A functor ν : P → A is called right Nakayama functor if

for all P ∈ P and X ∈ A, ∃ binatural R-isomorphism

ΦP,X : HomA(X , νP) −→ DHomA(P ,X ).

In this case, νP is a subcategory of injective objects of A.



Right Nakayama functor

1 Let A be abelian R-category, where R commutative ring.

2 Let IR be minimal injective co-generator for ModR .

3 Consider D = HomR(−, IR) : ModR → ModR .

Definition

Let P be an additive subcategory of projective objects of A.

A functor ν : P → A is called right Nakayama functor if

for all P ∈ P and X ∈ A, ∃ binatural R-isomorphism

ΦP,X : HomA(X , νP) −→ DHomA(P ,X ).

In this case, νP is a subcategory of injective objects of A.



Right Nakayama functor

1 Let A be abelian R-category, where R commutative ring.

2 Let IR be minimal injective co-generator for ModR .

3 Consider D = HomR(−, IR) : ModR → ModR .

Definition

Let P be an additive subcategory of projective objects of A.

A functor ν : P → A is called right Nakayama functor if

for all P ∈ P and X ∈ A, ∃ binatural R-isomorphism

ΦP,X : HomA(X , νP) −→ DHomA(P ,X ).

In this case, νP is a subcategory of injective objects of A.



Right Nakayama functor

1 Let A be abelian R-category, where R commutative ring.

2 Let IR be minimal injective co-generator for ModR .

3 Consider D = HomR(−, IR) : ModR → ModR .

Definition

Let P be an additive subcategory of projective objects of A.

A functor ν : P → A is called right Nakayama functor if

for all P ∈ P and X ∈ A, ∃ binatural R-isomorphism

ΦP,X : HomA(X , νP) −→ DHomA(P ,X ).

In this case, νP is a subcategory of injective objects of A.



Right Nakayama functor

1 Let A be abelian R-category, where R commutative ring.

2 Let IR be minimal injective co-generator for ModR .

3 Consider D = HomR(−, IR) : ModR → ModR .

Definition

Let P be an additive subcategory of projective objects of A.

A functor ν : P → A is called right Nakayama functor if

for all P ∈ P and X ∈ A, ∃ binatural R-isomorphism

ΦP,X : HomA(X , νP) −→ DHomA(P ,X ).

In this case, νP is a subcategory of injective objects of A.



Right Auslander-Reiten formula

1 Let ν : P → A be a right Nakayama functor.

2 For M ∈ A with projective presentation

δ : P1
d1 // P0

//M // 0, where P0,P1 ∈ P .

define τδM := Ker(νd1 : νP1 → νP0).
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Given a short exact sequence 0 // X // Y // Z // 0 in A,
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Theorem

If A has enough projective objects, then

Ext1A(X , τδM) ∼= DHomA(M ,X ), for X ∈ A.
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Remark
1 Consider AR-formula

Ext1A(X , τδM) ∼= DHomA(M ,X ).

2 EndA(M) local≠⇒ EndA(τδM) local.
3 In this case, we cannot derive an almost split sequence.
4 We need to pose some finiteness conditions on P .
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New Setting

1 A has enough projective and injective objects.

2 ν : P → A is right Nakayama functor,

where P is Krull-Schmidt and Hom-finite (R-length).

3 A+(P) : objects finitely presented by P .

4 A−(νP) : objects finitely copresented by νP .

Proposition

1 A+(P) and A−(νP) are Hom-finite and Krull-Schmidt.

2 The restricted functor ν : P → νP is equivalence

with a quasi-inverse ν− : νP → P .
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Lemma

Let M ∈ A+(P) with a projective presentation

P1
d1 // P0

d0 //M // 0, where P1,P0 ∈ P ,

1 If M is indec non-projective, then d1 is left minimal.

2 (Krause) d0 is projective cover ⇐⇒ d1 ∈ rad(P1,P0).

Lemma

Let M ∈ A−(νP) with an injective copresentation

0 //M d0
// I 0 d1

// I 1, where I 0, I 1 ∈ νP ,

1 If M is indec non-injective, then d1 is right minimal.

2 d0 is injective envelope ⇐⇒ d1 ∈ rad(I 0, I 1).
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Almost split sequence ending with a given object

Theorem

Let M ∈ A+(P) be indecomposable non-projective.

1 M has a minimal projective presentation

P1
d1 // P0

//M // 0, where P0,P1 ∈ P .

2 τM := Ker(νd1) ∈ A−(P) is indecomposable

with a minimal injective copresentation

0 // τM // νP1
νd1 // νP0.

3 A has an almost split sequence

0 // τM // N //M // 0.
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Generalized left AR-formula

Theorem

Let M ∈ A−(νP) be indecomposable and not injective.

1 M has a minimal injective copresentation
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Application to graded algebras

1 Let Λ = kQ/I be a graded algebra, where

k is a field;

Q is a locally finite quiver.

I is a homogeneous relation ideal.

2 Given x ∈ Q0, put Px = Λex , where ex = εx + I .

Lemma

PΛ = add{Px⟨i⟩ | x ∈ Q0, i ∈ Z} is Hom-finite Krull-Schmidt.
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Nakayama functor

1 GModΛ : all unitary graded left Λ-modules

M = ⊕i∈ZMi = ⊕i∈Z;x∈Q0exMi .

2 Define D : GModΛ → GModΛop : M 7→ DM ,

M = ⊕i∈Z;x∈Q0exMi ,

DM = ⊕i∈Z;x∈Q0Homk(exM−i , k).

3 Define (−)t : GModΛ → GModΛop : M 7→ M t ,

M t = ⊕i∈Z; x∈Q0GHomΛ(M⟨−i⟩,Px).

Theorem

We have a Nakayama functor

ν = D ◦ (−)t : PΛ −→ GModΛ : P 7→ D(P t).
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