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ABSTRACT

@ Cross-connectios of normal categories were introduced by K.S.S.
Nambooripad in [4]. Let C and D be two normal categories, then
there exists functor categories N*C and N*D called the normal duals
of C and D respectively.

e Then the qudratuple (C,D,I,A) where I : D — N*C and
A : C — N*D are certain local isomorphisms is termed as a
cross-connection.

@ When the normal categories C and D are the left and right ideals of a
regular semigroup S, then the cross-connection (C,D, T, A) yeilds a
cross-connection semigroups which we call the cross connection
representation of S.
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@ V be a vector space over a field K. The singular linear transformation
on V written as Sing(V) is a multiplicative semigroup and is one of
the most important regular subsemigroups of the regular monoid 7V
of all linear transformations on V.

@ The semigroup TV (also called the full linear transformation
semigroup) has been an extensively studied semigroup as it is a
generalization of the semigroup of matrices, semigroup of operator
algebras etc.

@ The category of principal left and right ideals of Sing(V') are normal
categories.
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@ These ideal categories of Sing(V/') are characterized as the subspace
category S( V) of proper subspaces of V with linear transformations
as morphisms and the annihilator category A(V) which is isomorphic
to the category S(V*) of proper subspaces of V* where V* is the
algebraic dual space of V.

@ These ideal categories of Sing(V') and their normal duals yeilds a
cross-connection (C, D, I") since the local isomorphism A can
conveniently replaced by [*. This yeilds a a cross-connection
representation for the semigroup Sing(V') (cf.[6]).

CROSS-CONNECTION REPRESENTATIONS OF THE CATEGORY OF FIBERS OF VECTOR BUNDLES



@ A Lie groupoid is a groupoid with additional smooth manifold
structures on its objects and the morphisms that makes various maps
arise from the groupoid structure smooth.

e A bundle is a triple n = (E, p, B) is where p : E — B is a projection,
B is the base space and E the total space. A bundle in which each
fibre p~1(b) admits a vector space structure is a vector bundle.

@ In this talk we extend cross-connection representation to the category
of fibers of a vector bundle
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This talk is divided into six sections as follows
o Categories, preorders and normal categories
@ Cross-connections of normal categories
o Cross-connection semigroup of linear transformations
e Groupoids, Lie groupoids and Lie categories

@ Bundles and vector bundles

Category of fibers of a vector bundle

Amalgamated products and cross-connection semigroup of bundles
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CATEGORIES

A category C consists of the following data:
© A class called the class of vertices or objects vC.

@ A class of disjoint sets C(a, b) one for each pair (a, b) € vC x vC. An
element f € C is called a morphism from a to b, written f : a — b ;
a = dom f the domain of f and b = cod f called the codomain of f.

@ For a,b,c € vC, a map
o:C(a,b) xC(b,c) — C(a,c) given by (f,g) — fog

is the composition of morphisms in C.

© for each a € vC, a unique 1, € C(a, a) is the identity morphism on a.

(cont...)
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These must satisfy the following axioms:

o for f € C(a,b),
g € C(b,c) and h € C(c,d),

then
fo(goh)=(fog)oh

e for each a € vC,f € C (a,b) and g € C(c, a), then
lof =f and gol,=g.
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EXAMPLES

o Set: the category in which objects are sets and morphisms are
functions between sets.

o Grp: Category with groups as objects and homomorphisms as
morphisms.

@ Groups: A category with one object namely the Group whose
morphisms (arrows) are the elements of the Group. Hence every
arrow has a (two sided) inverse under composition.
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FUNCTORS

A functor F : C — D from a category C to a category D consists of a
vertex map vF : vC — v'D which assigns to each a € vC a vertex
F(a) € D and a morphism map F : C — D which assigns to each
morphism f : a — b, a morphism

F(f): F(a) —» F(b) € D

such that
O F(1;) = 1f(,) for all a € vC; and

@ F(f)F(g) = F(fg) for all morphisms f, g € C for which the
composition fg exists.

EXAMPLE

The power set functor P : Set — Set. Its object function assigns each
object X in Set the usual power set PX and its arrow function assigns to
each f : X — Y the map Pf : PX — PY which send each S C X to its
image fS C Y.
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NATURAL TRANSFORMATION

Let C and D be two categories and F, G : C — D be two functors. A
natural transformation n: F — G is a family

{na: F(a) — G(a)|a € vC} of maps in D such that for every map
f:a— binC, the following diagram commuts

F(b) —~ G(b)

The map 71, are called the components of 7. If each component of 7 is an
isomorphism then 7 is called a natural isomorphism.
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FUNCTOR CATEGORIES

Let C and D be categories and S, T ... be functors from C — D. A
category whose oblects are functors between categories and morphisms are
natural transformations between such functors with composition of
morphisms, the composition of natural transformations is a category and is

termed as the functor category.
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PREORDER

A preorder P is a category such that for any p, p’ € v/P, the hom-set
P(p, p’) contains at most one morphism.

In this case, the relation C on the class vP of objects of P is defined by
p C p if P(p,p’) # 0 is a quasi- order.

P is said to be a strict preorder if C is a partial order.

DEFINITION

(Category with subobjects) Let C be a small category and P be a
subcategory of C such that P is a strict preorder with vIP = vC. Then
(C,P) is a category with sub objects if

Q every f € P is a monomorphism in C

Q iff = hg for f,g € P, then h € P.

EXAMPLE

In categories Set, Grp, Vectx, Modg the relation on objects induced by the
usual set inclusion is a subobject relation.
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FACTORIZATION OF MORPHISMS

In a category (C,P) with subobjects, morphisms in P are called inclusions.
If ¢’ — cis an inclusion, we write ¢’ C ¢ and denotes this inclusion by jS .
An inclusion j§ splits if there exists q : ¢ — ¢’ € C such that jSq = 1o
and the morphism q is called a retraction.

DEFINITION

A morphism f in a category C with subobjects is said to have factorization
if f can be expressed as f = pm where p is an epimorphism and m is an
embedding.

A normal factorization of a morphism f € C(c, d) is a factorization of the
form f = quj where q : ¢ — ¢’ is a retraction, u: ¢’ — d’ is an
isomorphism and j = j9 is an inclusion where ¢, d’ € vC with

¢’ C ¢, d C d. The morphism qu is known as the epimorphic component
of f and is denoted by f°.

CROSS-CONNECTION REPRESENTATIONS OF THE CATEGORY OF FIBERS OF VECTOR BUNDLES



CONES IN A CATEGORY

DEFINITION
Let C be a category with subobjects and d € vC. A map~:vC —C is
called a cone from the base vC to the vertex d if

@ ~(c) eC(c,d) for all c € vC
Q ifc C ¢ then jS'~(c') = v(c)

For a cone 7y denote by ¢, the vertex of v and for c € vC, the morphism
v(c) : ¢ = ¢, is called the component of  at c. A cone 7 is said to be
normal if there exists ¢ € vC such that y(c) : ¢ — ¢, is an isomorphism.
We denote by TC the set of all normal cones in C
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NORMAL CATEGORY

DEFINITION

A category C with subobjects is called a normal category if the following
holds

@ any morphism in C has a normal factorization
@ every inclusion in C splits

@ for each ¢ € vC there is a normal cone ~y with vertex ¢ and
v(c) =1c,.

Observe that given a normal cone v and an epimorphism f : ¢, — d the
map v * f : a — ~y(a)f from vC to C is a normal cone with vertex d.
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NORMAL DUAL

REMARK

The set of all normal cones TC in C with the cone composition
7=t (2,)°

is a regular semigroup.

For each v € TC, H(y,—) : C — Set is a set values functor. A category
whose objects are such set valued functors together with natural
tranformations between such functors as morphisms is a functor category
and is termed as the normal dual of C, denoted by N*C.
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CONNECTIONS AND DUAL CONNECTIONS

Let C and D be normal categories, I : D — N*C and A : C — N*D be
local isomorphisms. Then ' and A induces bi- functors
(—,—): D xC— Set and A(—,—) : C x D — Set such that there is a
natural bijection

x:T(—, =)= A(—,-).
Then T : D — N*C and A : C — N*D are termed as a connection and
dual connection between the categories C and D
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CROSS-CONNECTIONS

DEFINITION

Let C and D be normal categories. A cross-connection is a triple (D,C,T)
where I : D — N*C is a local isomorphism such that for every c € vC
there is some d € vD with c € MI'(d).

Note that for a cross-connection (D, C, ) there corresponds a dual
cross-connection (C, D, ")
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THE CROSS-CONNECTION SEMIGROUP

Let C and D be normal categories such that (D,C,T) is a
cross-connection. Then for each (¢, d) € C x D there is a natural bijection

Xr(c,d) : [(c,d) = T(c,d)

between the bi-functors I : D x C — Set and I'* : C x D — Set such that
this bijection yeilds a pairs of cones (,~7*) and the collection of these
cones together with the binary composition defined by

(1,77) 0 (6,67) = (79,0"77)

is a semigroup and is called the corss-connection semigroup which is
denoted by ST.
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CROSS-CONNECTION SEMIGROUP OF SINGULAR
ENDOMORPHISMS Sing(V) oON V

It is well known that the singular endomorphisms on a vector space V
written as Sing (V) is a multiplicative semigroup.

The following properties of ideal categories of Sing(V) can be observed
(see cf.[6])

@ The category of principal left ideals of Sing(V/) is characterized as the
subspace category S(V) of proper subspaces of V' with linear
transformations as morphisms.

@ The category S(V) is a normal category and its set of all normal
cones under the binary operation of cone composition forms the
regular semigroup 7S(V) .

@ The semigroup of all normal cones in the category of principal left
ideals of Sing(V') is isomorphic to Sing(V).
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@ The normal dual of the category S(V) is the annihilator category
A(V) which is isomorphic to the category S(V*) of proper subspaces
of V* where V* is the algebraic dual space of V

PROPOSITION

(Proposition 5. cf.[6]) The normal dual N*S(V') of the subspace category
is isomorphic to A(V). Dually N* A(V) is isomorphic to S(V'). The
semigroup T A(V) of normal cones in A(V) is isomorphic to Sing(V)°P.

THEOREM

(Theorem 6. cf.[6]) Let V' be a finite diamensional vector space over K,
then N*S(V) is isomorphic as a normal category to S(V*)
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CROSS-CONNECTIONS

Now it is easy to observe that there exists local isomorphisms

r:AvV)—S(v*) and
".S(V)— A(V"),
and for ' : A(V) — S(V*) there is a unique bifunctor
M—,—):A(V) x S(V*) — Set such that for all (A, Y) € A(V) x S(V*)
and (f,w*): (A, Y) = (B, 2)
MNAY)={aeTV:VaCAand(Aa)®° CT(Y)}
r(f,w*): a— (ya)f = y((af) where y is given by y* = I'(w")
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Similarly we can have the bifunctor *(—, —). Moreover these bifunctors
I'(—,—) and I'*(—, —) are connected by a natural bijection xr given by

xr (A Y) o e tae

and the natural bijection xr_ provides a pair of cones («a, ) where

-1
8= xr.(a) = e lae
The cross-connection semigroup associted with this cross-connections is

given by 5
SIe = {(a,e tae) such thata € Sing(V)}.

Further we have the following theorem

THEOREM

(cf. [6] Theorem 8) Every cross-connection semigroup arising from the
cross-connections between the categories A(V') and S(V) is isomorphic to
Sing(V).
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GROUPOIDS

DEFINITION |
A groupoid consists of two sets G and M, called respectively the groupoid
and the base, together with two maps o and (3 from G to M, called the
source projection and target projection, a map 1 : x — 1, the object
inclusion map and a partial multiplication in G defined on the set
GxG={(h,g) € Gx G|a(h)=p(g)}, subject to the following
conditions:

@ «a(hg) = a(g) and B(hg) = B(h) for all (h,g) € Gx G :

@ j(hg) = (jh)g for all j, h,g € G such that a(j) = B(h), a(h) = B(g);

@ a(ly) = B(1x) = x for all x € M,

Q gly) =g and (158 = g for all g € G;

@ each g € G has a two sided inverse g*1 such that

o(g™!) =B(g),B(g™") = alg) and g g = 1,(4), 881 = 15(y).-

Here G x G = (a x B)"Y(Apm) is a closed embedded subman/fo/d of
G x G since o and B are submersions.
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Element of M are called objects of the groupoid G and elements of G are
called arrows. The arrow 1, corresponds to the object x € M may also be

called the unity or identity corresponding to x.

EXAMPLE
e Obviously every Group is a groupoid

e Fundamental groupoid of a space
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LiIE GROUPOIDS

DEFINITION

A Lie groupoid G = M is a groupoid G on base M together with smooth
structures on G and M such that the maps «, 3 : G — M are surjective
submersions, the object inclusion map x — 1, M — G is smooth and the
partial multiplication G * G — G is smooth.

Here G x G = (a x B)"Y(Apm) is a closed embedded submanifold of
G x G, since « and 8 are submersions.
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EXAMPLE

Let G x M — M be a smooth action of a Lie group G on a manifold M.
On the product manifold G x M we can give the structure of a Lie
groupoid in the following way.

© « be the projection into the second factor of G x M, 3 be the group
action itself.

@ The object inclusion map is x — 1, = (1,x) .

@ partial multiplication is (g2,y) (g1, x) = (g281,x) which is defined if
y = 81X.

@ The inverse of (g, x) is (g1, gx).

with this structure we denote G x M by G << M and call it the action
groupoid of G x M — M.
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EXAMPLE

Any manifold M may be regarded as a Lie groupoid on itself with o = 3
= idw and every element a unity.

A groupoid in which every element is a unity will be called a base groupoid.
Given any Lie groupoid G = M, the units of M define a subgroupoid

M—= wm

G——= M
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EXAMPLE
Let M be a manifold and G a Lie group. We give M x G x M the
structure of a Lie groupoid on M in the following way:
@ « is the projection into the third factor of M x G x M and 3 is the
projection into the first factor.
e The object inclusion map is x — 1, = (x,1,x).
e partial multiplication is (z, h,y') (v, g,x) = (z, hg, x) which is defines
iffy =y
o The inverse of (y,g,x) is (x,g™1,y).
this is usually called the trivial groupoid on M with group G. In particular
any Lie group may considered to be a Lie groupoid on a singleton manifold
and any cartesian square M x M is a groupoid on M which is the pair
groupoid
Pair(M) =M x M = M.

CROSS-CONNECTION REPRESENTATIONS OF THE CATEGORY OF FIBERS OF VECTOR BUNDLES



LIE CATEGORY

DEFINITION

A Lie category is a small category C = M, where C is a smooth manifold
with or without boundary, M is a smooth manifold without boundary, and
there holds:

@ The source and target maps s, t : C — M are smooth submersions.

@ The unit map u: M — C and the composition map m : C> — C are
smooth. If C has a boundary, we also assume that C = M has a
regular boundary, that is:

@ The restrictions 0s, 0t : 0C — M of s and t are smooth submersions.

REMARK

Clearly every Lie groupoid is a Lie category, but the reverse is not always
true.
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BUNDLES

A fiber bundle ( simply a bundle) is a triple n = (E, p, B) is where

p: E — Bis a map. The space B is called the base space and the space
E is called total space and the map p is called the projection of the
bundle. For each b € B, the space p~1(b) is called the fibre of the bundle
over b € B.

Intuitively a bundle is regarded as a union of fibres p~1(b) for b € B
parametrized by B and 'glued together’ by the topology of the space E.
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EXAMPLE

A covering space is a(continuous, surjective) map p : X — Y such that for
every y € Y there exist an open neighborhood U containing y such that
p~Y(U) is homeomorphic to a disjoint union of open sets in X, each being
mapped homeomorphically onto U by p . Hence it is a fibre bundle such
that the bundle projection is a local homeomorphism.

EXAMPLE

Given any space B, a product bundle over B with fibre F is the bundle
(B x F, p, B) where p is the projection on the first factor.
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DEFINITION

A bundle n’ = (E’, p’, B') is a subbundle of n = (E, p, B) provided E' is a
subspace of E, B' is a subspace of B and p' = p|E' : E' — B'.

EXAMPLE

The tangent bundle over S" denoted as (T, p,S") and the normal bundle
(N, q,S") are two subbundles of the product bundle (S" x R™1 p, S")
whose total space are defined by the relation (b, x) € T if and only if the
inner product (b,x) = 0 and by (b, x) € N if and only if x = kb for some
keR.
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Two bundles 7 and ¢ over B are locally isomorphic if for each b € B there
exists an open neighbourhood U of b such that n|U and ¢|U are
U-isomorphic.

DEFINITION

Consider the bundle (E,p,B). A maps: B — E is called a section (also
cross section) of the bundle (E,p, B) if pos = idg

A space F is a fibre of a bundle (E, p, B) provided every fibre p~1(b) for
b € B is homoeomorphic to F. A bundle (E, p, B) is trivial with fibre F
provided (E, p, B) is B-isomorphic to the product bundle (E x F, p, B).

CROSS-CONNECTION REPRESENTATIONS OF THE CATEGORY OF FIBERS OF VECTOR BUNDLES



DEFINITION

A bundle n over B is locally trivial with fibre F if nj is locally isomorphic
with the product bundle (B x F,p, B)

A fibre bundle with fibre F is also written as (E, p, B, F), where E, B and
F are topological spaces, and p : E — B is a continous surjection
satisfying local trivality condition.
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BUNDLE MORPHISMS

A bundle morphism is a pair of fibre preserving map between two bundles
n=(E,p,B) and ¥ = (E’,p', B') given by

(u,f): (E,p,B) = (E',p',B’)

where u: E — E’ and f : B — B’ such that p’u = fp, ie., the diagram of
arrows commutes.

In particular when n = (E, p, B) and n/ = (E’, p/, B) bundles over B, then
the bundle morphism v : (E,p,B) — (E’,p’,B) is a map u: E — E’ such
that p = p'u.

EXAMPLE

Let (E',p',B') is a subbundle of (E,p,B) . Iff : B'— Bandu: E' - E
are inclusion maps, then (u,f): (E',p’,B") — (E, p, B) is a bundle
morphism.
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CATEGORY OF BUNDLES (BUN)

DEFINITION

The category of bundles, denoted BUN, has as its objects all bundles
(E, p, B) and as morphisms (E, p, B) to (E’, p’, B') the set of all bundle
morphisms.

For each space B, the sub category of bundles over B, denoted as BUNg
has objects bundles with base B and B-morphisms as its morphisms.
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VECTOR BUNDLES

A bundle with an additional vector space structure on each fibre is called a
vector bundle.

DEFINITION

A k- dimensional vector bundle over a field F is a bundle (E, p, B)
together with the structure of a k- dimensional vector space on each fibre
p~1(b) such that the following local triviality condition is satisfied. Each
point of B has an open neighborhood U and a U- isomorphism h: U x Fk
— p~Y(U) such that the restriction b x FK — p=1(b) is a vectorspace
isomorphism for each b € U.

EXAMPLE
If M is a smooth manifold and k is a nonnegative integer then

p:MxRFK—> M

is a real vector bundle of rank k over M and is a trivial vector bundle.
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EXAMPLE

Let M be a smooth n— manifold, the collection of tangent vectors TM of
M is a vector bundle of rank n over M. As a set it is given by disjoint
union of tangent spaces of M. Elements of TM can be thought of as a
pair (x,v) where x is a point in M and v is a tangent vector to M at x.
There is a natural projection w: TM — M denoted 7t(x,v) = x and the
vector bundle is (TM, 7, M) where each fibre is the tangent space at some
point of M.

The cotangent bundle may describe in a similar way and is dented by
T*M.
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EXAMPLE

The tangent bundle over S", denoted (T, p,S™), and the normal bundle
over S", denoted (N, q,S") are two subbundles of the product bundle

(S" x R™1 p, S™) whose total spaces are defined by the relation

(b,x) € T if and only if the inner product (b,x) =0 and by (b,x) € N if
and only if x = kb for some k € R.

DEFINITION

Let p: V — M is a vector bundle. A section of p or V' is a smooth map
s: M — V such that pos = idy ie., s(x) € Vi for all x € M.

Note that if s is a section then s(M) is an embedded submanifold of V.

LEMMA

Every vector bundle admits a section.
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DEFINITION |
Suppose p: V. — M and q : V' — N are two real vector bundles.

e (i) A smooth map f : V. — V' is a vector bundle morphism if and
only if f decends to a map f : M — N such that qf = fp, ie., the
diagram below commutes

f
V—— v
p q

f
M—™ N

and the restriction f : Vi — Vi(x) is linear for all x € M.

e (if)lIfp:V — M and q: V' — M are vector bundles, a vector bundle
morphism f : V — V' is an isomorphism of vector bundles if gf =
If such an isomorphism exists then VV and V' are said to be
isomorphic.




FRAME GROUPOID OF A VECTOR BUNDLE

DEFINITION

Let m: E — M be a vector bundle. G(E) denotes the category whose
object set is M and morphisms are isomorphisms E, — E, where x,y € M
and E,, E, are fibres of the vector bundle at x,y respectively. It is easy to

observe that G(E) is a groupoid and is called the frame groupoid of
m: E— M.

REMARK

The frame groupoid of a vector bundle is locally trivial.

CROSS-CONNECTION REPRESENTATIONS OF THE CATEGORY OF FIBERS OF VECTOR BUNDLES




CATEGORY OF VECTOR BUNDLES

The category of vector bundles, denoted by VB, has as its objects vector
bundles and its morphisms smooth maps which are vector bundle
morphisms.

Note that a vector bundle morphism between two vector bundles
n=(E,p,B)and ' = (E’, p’, B') is a morphism of the underlying bundles.

For a base space B the category VBpg is a subcategory of vector bundle
category over B and B-morphisms.
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REPRESENTATION OF A LIE GROUPOID

A remarkable property of a vector bundle E — M is that it affords a
representation of a Lie groupoid G = M defined as follows

DEFINITION

Let G = M be a Lie groupoid. A representation of G on a vector bundle
E — M is a smooth homomorphism

A:G— G(E) ofthe Lie groupoid over

where G(E) is the frame groupoid.
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CATEGORY OF FIBERS OF A VECTOR BUNDLES

Consider the vector bundle p : V — M with base M of dimension k. Then
each fiber p~1(m) of the bundle p: V — M is a k dimensional vector
space V,,. Now it is easy to observe that any subspace of V,, is a fibre of
some vector bundle of dimension " < " k.

DEFINITION

For a vector bundle p : V — M of dimension k, there is a category termed
as the category of fibers of vector bundles whose object is the set of fibers
of diamension " <" k and smooth linear maps between these objects as
morphisms and we denote this category by Ca(M).
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LEMMA
Let p: V — M be a vector bundle of dimension k. Then the category
Cs(M) of fibers of the vector bundle p : V — M is a Lie category.

PROOF.

Since the objects of the category being vector spaces (fibers), they are
manifolds with out boundary and the morphisms are linear maps, it is easy
to observ that Cg(M) is a Lie categry whose source and target maps are
the domain and range map of the smooth linear transformation. O
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CROSS-CONNECTIONS OF CATEGORY OF FIBERS OF A
VECTOR BUNDLE

Next we propose to investigate the cross-connections in the category of
fibers of a vector bundle p : V — M of dimension k from the
cross-connection representation of the semigroup of singular linear
endomorphams Sing(V,,) of the fiber V,, of the bundle p: V — M.

CROSS-CONNECTION REPRESENTATIONS OF THE CATEGORY OF FIBERS OF VECTOR BUNDLES
/ 54 5t Aucust 2024

P. G. RoMEO




FREE PRODUCT OF SEMIGROUPS

Let {S; : i € I} be a disjoint union of semigroups. Then there is an
F =N*{S; : i € I} called the free product of the family {S; : i € I}
satisfying the following Proposition.

PROPOSITION

F =N*{S; : i € I} be a product of the family {S; : i € I} of disjoint
semigroups such that for each i € | there is a monomorphism 6; : S; — F.
If T is a semigroup for which a homomorphism ); : S; — T exists for each
i in | then there is a unique homomorphism v : F — T such that 6;y = .
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AMALGAMATED PRODUCT OF SEMIGROUPS

Let {S; : i € I} be a family of semigroups, and suppose that for each i € /
there exists a homomorphism h; from a semigroup U into S;. Consider the
set ¥ = {(x,i):i € l,x € 5;} the sum of sets S; and construct the
semigroup S presented by

S=(%;(x,)(x,i) = (xx,i) foreveryx € I, x.x' € S;
(hi(u), i) = hj(u),j)for every i,j € l,u e U)

then S is called the product of the family S; amalgamated by U. If ¢
denotes the canonical homomorphism from the free semigroup on the
alphabet ¥ onto S, then ¢; defined by ¢;i(x) = ¢(x, i) is a homomorphism
from S; into S and h: U — S defined by h(u) = ¢[hi(u), ] is independent
of i. Then there is a family {S; : i € I} of semigroups together with
injective homomorphisms h; : U — S; for all i € | and the system

[Si; U; hilies is called a semigroup amalgam (cf.[5]).
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DEFINITION

A semigroup amalgamaUd = [{S; : i € I}; U;{¢; : i € I}] consists of
semigroup U called the core of the amalgam, a family {S; : i € I} of
semigroups disjoint from each other and from U, and a family of
monomorphisms ¢; : U — S; (i € I).

The amalgm U is said to be embeddeble in a semigroup T if there exists a
monomorphism A : U — T and for each i € | the monomorphiSms
Ai © S; — T which satisfies

Q ¢;\i = A foreachiin/

@ SIA\iNSjAj = UXforall i,je€ I such that i # j.
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AMALGAMATED PRODUCT CROSS-CONNECTION
SEMIGROUPS

Let p: E — M be a vector bundle whose fibers are vector spaces
{Vhp : b € B} and the cross-connection semigroup associate to the fiber V,

is
Sp = ST = {(a, e tave) such thata € Sing(V3)}.

The amalgamated product of cross-connection semigroups Sp is described

in the following proposition.
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PROPOSITION

Let p: E — M be a vector bundle whose fibers are vector spaces

{Vp : b € B} and family of semigroups

Sp = {(a, € Lae) such thata € Sing( Vp)}. Then there is a semigroup U

disjoint fronj the family of semigroups Sp and a family of monomorphisms
{¢i : U — Sp} such that

U=1[{S,=(a,erae) : a e Sing(Vp)}; U;{¢;: i €l}]

is a semigroup amalgamam.

PROBLEM

Is the semigroup amalgam described in the above proposition embedable?
(If embedable then show that it is the corss-connection semigroup of the
vector bundle.)

CROSS-CONNECTION REPRESENTATIONS OF THE CATEGORY OF FIBERS OF VECTOR BUNDLES




REFERENCES

[@ Mackenzie, K.C.H. General Theory of Lie Groupoids and Lie
Algebroids, London Mathematical Society lecture Note Series, Vol.213
(Cambridge University Press, Cambridge, 2005).

Mac Lane, S. Categories for a Working Mathematician, 2nd ed,
Springer-Verlag, New York, 1998.

Husemoller,D. Fibre Bundles, third edn, MaGraw-Hill Series in Higher
Mathematis, MaGraw-Hill Book Company (1993).

K.S.S.Nambooripad, Theory of cross-connections, Publication No.28,
Centre for Mathematical sciences, Trivandrum, India (1994).

) W = @

Gerard Lallement, Amalgamated product of semigroups : The
embedding problem, Transactions of the American Mathematical
Society, Volume 206,1975.

[3 P.A.A. Muhammed, Cross-connections of linear teansformation
semigroups, Semlgroup Forum (2018) 97:457-470,

CRQSS;CONNECLIAN\BERRESENTATIONS, QF FHE CATEGORY OF FIBERS OF VECTOR BUNDLES
TP G Rowmo | 754 5% Aucust 2024



THANK YOU

CROSS-CONNECTION REPRESENTATIONS OF THE CATEGORY OF FIBERS OF VECTOR BUNDLES
/ 54 5t Aucust 2024



	Categories, preorders and normal categories
	Cross-connections of normal categories
	Groupoids, Lie groupoids and Lie categories
	Bundles and vector bundles
	Vector Bundles and Bundle of vector spaces
	Category of fibers of a vector bundles
	Amalgamated products and cross-connection semigroup of bundles

