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Motivations

• Q: a finite acyclic quiver
• Π(Q): the preprojective algebra of Q

Π(Q) = KQ/(
∑
α∈Q1

αα∗ − α∗α)

I. M. Gඍඔඎඉඖඌ, ඉඖඌ V. A. P඗ඖ඗ඕඉකඍඞ, Funct. Anal. Appl. 13
(1979), 157–166.

G. Lඝඛජගඑඏ, J. Amer. Math. Soc. 4 (2) (1991), 365–421.

C. M. Rඑඖඏඍඔ, In: Algebras and Modules II (Geiranger, 1996),
CMS Conf. Proc. 24, 467–480, Amer. Math. Soc. 1998.
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Motivations

• Q: a finite acyclic quiver
• Π(Q): the preprojective algebra of Q

• [Buan-Iyama-Reiten-Scott, 2009; Mizuno, 2014]

ΘQ : W(Q) −→ 〈Ii | i ∈ Q0〉
↙ ↘

Weyl group of Q Certain ideal monoid of Π(Q)

A. B. Bඝඉඖ, O. Iඡඉඕඉ, I. Rඍඑගඍඖ, ඉඖඌ J. Sඋ඗ගග, Compos. Math.
145 (4) (2009), 1035–1079.

Y. Mඑජඝඖ඗, Math. Z. 277 (3), (2014), 665–690.
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Motivations
• Q: a finite acyclic quiver
• Π(Q): the preprojective algebra of Q

• [Buan-Iyama-Reiten-Scott, 2009; Mizuno, 2014]

ΘQ : W(Q) −→ 〈Ii | i ∈ Q0〉; si 7→ Ii
↙ ↘

Weyl group of Q Certain ideal monoid of Π(Q)

• Ii = Π(Q)(1− ei)Π(Q): the two-sided ideal of Π(Q) generated by
1− ei, ∀i ∈ Q0 (Π(Q)/Ii ' Si)

A. B. Bඝඉඖ, O. Iඡඉඕඉ, I. Rඍඑගඍඖ, ඉඖඌ J. Sඋ඗ගග, Compos. Math.
145 (4) (2009), 1035–1079.

Y. Mඑජඝඖ඗, Math. Z. 277 (3), (2014), 665–690.
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Motivations

• (C,D,Ω): a Cartan triple

• C = (cij) ∈ Mn(Z) : (symmetrizable) Cartan matrix
• cii = 2, ∀ i ; cij ≤ 0, ∀ i 6= j, and cij < 0 ⇔ cji < 0;
• ∃ D = diag(c1, · · · , cn) with ci ∈ Z≥1 s.t. DC is symmetric.

• D = diag(c1, · · · , cn) : a symmetrizer of C

• Ω : an orientation of C : Ω ⊂ {1, 2, · · · ,n} × {1, 2, · · · ,n} s.t.
• {(i, j), (j, i)} ∩ Ω 6= ∅ ⇔ cij < 0
• ∀ (i1, i2, i3, · · · , it+1) with (is, is+1) ∈ Ω, we have i1 6= it+1.

• Example C =

(
2 −1
−2 2

)
, D =

(
2

1

)
, Ω = {(1, 2)}
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Motivations
• (C,D,Ω): a Cartan triple

• quiver of type C Q := Q(C,Ω)
•

Q0 = {1, 2, . . . , n};
•

Q1 ={α(g)
ij : j → i | (i, j) ∈ Ω, 1 ≤ g ≤ (cij, cji)}

∪{εi : i → i | 1 ≤ i ≤ n}.

• Example

C =

(
2 −1
−2 2

)
, D =

(
2

1

)
, Ω = {(1, 2)}

Q = Q(C,Ω) :
1ε1 99 2

α12oo ε2ee
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Motivations

• Geiss-Leclerc-Schröer (GLS) algebras :

(C,D,Ω) a Cartan triple, Q = Q(C,Ω).

H = H(C,D,Ω) := kQ/I

I generated by
• εcii = 0, ∀ i ∈ Q0;

• ε

ci
(ci,cj)

i α
(g)
ij = α

(g)
ij ε

cj
(ci,cj)

j , ∀ (i, j) ∈ Ω, 1 ≤ g ≤ (cij, cji).

C. Gඍඑඛඛ, B. Lඍඋඔඍකඋ, ඉඖඌ J. Sඋඐක඾ඍක, Invent. Math. 209 (2017),
61–158.
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Motivations

• Example

C =

(
2 −1
−2 2

)
, D =

(
2

1

)
, Ω = {(1, 2)}

Q = Q(C,Ω) :
1ε1 99 2

α12oo ε2ee

H : given by
1ε1 99 2

α12oo / ε21
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Motivations
Homological algebra aspects

• A : an K-algebra, Ae = A⊗K Aop : the enveloping algebra of A
• The 2-preprojective algebra of A is:

Π2(A) = TA(Ext1Ae(A,Ae))

• Rmk : (1) A = KQ, then Π2(A) = Π(Q)
(2) A : f.d. ExtnAe(A,Ae) ' ExtnA(DA,A)
(3) derived preprojective algebras (Calabi-Yau completion)

Πder
2 (A) = TA(ΣRHomAe(A,Ae))

O. Iඡඉඕඉ, ඉඖඌ S. O඘඘ඍකඕඉඖඖ, Adv. Math. 244 (2013), 23–68.

C. M. Rඑඖඏඍඔ, In: Algebras and Modules II (Geiranger, 1996),
CMS Conf. Proc. 24, 467–480, Amer. Math. Soc. 1998.

B. Kඍඔඔඍක, J. Reine Angew. Math. 654 (2011), 125–180.
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Motivations

• (C,D,Ω): a Cartan triple

• Π(C,D,Ω): the generalized preprojective algebra of (C,D,Ω)

• Fact : Π(C,D,Ω) ' Π2(H)

C. Gඍඑඛඛ, B. Lඍඋඔඍකඋ, ඉඖඌ J. Sඋඐක඾ඍක, Invent. Math. 209 (2017),
61–158.
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Motivations

• (C,D,Ω): a Cartan triple Λ : the index set of C,D
• Π = Π(C,D,Ω): the generalized preprojective algebra of (C,D,Ω)

• [Fu-Geng, 2019]

ΘC : W(C) −→ 〈Lj | j ∈ Λ〉;
↙ ↘

Weyl group of C Certain ideal monoid of Π(C,D,Ω)

C. Fඝ, ඉඖඌ S. Gඍඖඏ, Algebr. Represent. Theor. 22 (2019),
1239–1260.
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Motivations

• (C,D,Ω): a Cartan triple Λ : the index set of C,D
• Π = Π(C,D,Ω): the generalized preprojective algebra of (C,D,Ω)

• [Fu-Geng, 2019]

ΘC : W(C) −→ 〈Lj | j ∈ Λ〉; rj 7→ Lj

↙ ↘
Weyl group of C Certain ideal monoid of Π(C,D,Ω)

• Lj = Π(1− ej)Π: the two-sided ideal of Π(C,D,Ω) generated by
1− ej, ∀j ∈ Λ (Π/Lj ' Ej)

C. Fඝ, ඉඖඌ S. Gඍඖඏ, Algebr. Represent. Theor. 22 (2019),
1239–1260.
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Motivations

• Recall the first bijection

ΘQ : W(Q) −→ 〈Ii | i ∈ Q0〉; si 7→ Ii
↙ ↘

Weyl group of Q Certain ideal monoid of Π(Q)

• Question: How to compare these bijections ΘQ and ΘC ?

• Idea: Use folding !
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The folding process
Cartan triple (C,D,Ω) associated to (Q,G) :

• (Q,G) : finite acyclic quiver with G-action

• Construct (C,D,Ω) from (Q,G):

• index C and D by Q0/G = {i | i ∈ Q0}

• D:
ci :=

|G|
|i|

• C:
cij := −

Nij
|j|
,

Nij = the number of arrows in Q between i and j

• Ω: (i, j) ∈ Ω ⇔ ∃ arrow from j′ to i′ for some j′ ∈ j, i′ ∈ i.
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The folding process

Example

Q : 2
α // 1 2′

α′
oo , σ interchange α and α′

and G = 〈σ | σ2 = 1〉

• Q0/G = {1, 2}

• c1 = |G|
|1| = 2, c2 = |G|

|2| = 1, D =

(
2

1

)

• c12 = − 2
|2| = −1, c21 = − 2

|1| = −2, C =

(
2 −1
−2 2

)
• Ω = {(1, 2)}.
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The folding process

• Folding process

(Q,G)⇝ (C,D,Ω)
↙ ↘

quiver with G-action Cartan triple

• ∃ well-known isomorphism

ψ : W(C) −→ W(Q)G; rj 7→
∏
i∈j

si; ∀ j ∈ Q0/G.

R. Sගඍඑඖඊඍකඏ, Lectures on Chevalley Groups, Yale University,
1967.
J. Y. Hඍඍ, Geom. Dedicata 37 (1991), 65–102.
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Motivations

(• Question: How to compare these bijections ΘQ and ΘC ?)

• Question : (more precisely)

W(C)

ΘC
��

ψ // W(Q)G

ΘG
Q

��
〈Lj | j ∈ Q0/G〉 ? ∃ Ψ // 〈Ii | i ∈ Q0〉G

• Answer : ∃ Ψ monoid isomorphism
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Main result 1

(Q,G) : finite acyclic with G-action

(C,D,Ω)：Cartan triple associated to (Q,G)

Proposition
∃! iso. Ψ of monoids s.t. the diagram commute:

W(C)
ψ //

ΘC
��

W(Q)G

ΘG
Q

��
〈Lj | j ∈ Q0/G〉 Ψ // 〈Ii | i ∈ Q0〉G

Ren Wang preprojective skew group algebras and Morita equivalences 2024.08.08 18 / 32



Motivations

(Q,G)
folding process///o/o/o/o/o/o/o (C,D,Ω)
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Motivations

(Q,G)
folding process ///o/o/o/o/o/o/o/o/o (C,D,Ω)

GLS,17
�� �O
�O
�O

H = H(C,D,Ω)
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Motivations

(Q,G)

�� �O
�O
�O

folding process ///o/o/o/o/o/o/o/o/o (C,D,Ω)

GLS,17
�� �O
�O
�O

KQ#G H = H(C,D,Ω)
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Motivations

(Q,G)

�� �O
�O
�O

folding process ///o/o/o/o/o/o/o/o/o (C,D,Ω)

GLS,17
�� �O
�O
�O

KQ#G
charK=p,|G|=pa

CW,24: Morita equ.// H = H(C,D,Ω)

X. W. Cඐඍඖ, ඉඖඌ R. Wඉඖඏ, Proc. Royal Soc. Edinb. Math., 1–45,
DOI: https://doi.org/10.1017/prm.2024.34.
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Motivations

(Q,G)

�� �O
�O
�O

folding process ///o/o/o/o/o/o/o/o/o/o/o/o (C,D,Ω)

GLS,17
�� �O
�O
�O

KQ#G

��
�O
�O
�O charK=p,|G|=pa

CW,24: Morita equ. // H = H(C,D,Ω)

GLS,17
�� �O
�O
�O

Π2(KQ#G) Π2(H) = Π(C,D,Ω)
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Motivations

(Q,G)

xx x8
x8 x8

x8 x8
x8

�� �O
�O
�O

folding process ///o/o/o/o/o/o/o/o/o/o/o/o (C,D,Ω)

GLS,17
�� �O
�O
�O

Π(Q)#G KQ#G

��
�O
�O
�O charK=p,|G|=pa

CW,24: Morita equ. // H = H(C,D,Ω)

GLS,17
�� �O
�O
�O

Π2(KQ#G) Π2(H) = Π(C,D,Ω)
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GLS,17
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�O
�O

Π(Q)#G

alg. iso. &&NN
NNN

NNN
NNN

KQ#G
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�O
�O
�O charK=p,|G|=pa
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Motivations

(Q,G)

xx x8
x8 x8

x8 x8
x8

�� �O
�O
�O

folding process ///o/o/o/o/o/o/o/o/o/o/o/o (C,D,Ω)

GLS,17
�� �O
�O
�O

Π(Q)#G

alg. iso. &&NN
NNN

NNN
NNN

KQ#G

��
�O
�O
�O charK=p,|G|=pa

CW,24: Morita equ. // H = H(C,D,Ω)

GLS,17
�� �O
�O
�O

Π2(KQ#G)
charK=p,|G|=pa

Morita equ. // Π2(H) = Π(C,D,Ω)

⇒ ∃ Morita equ. : Π(Q)#G ∼−→ Π(C,D,Ω)

⇒ ∃ F : Π(Q)#G-Mod ∼−→ Π(C,D,Ω)-Mod equ. functor
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Motivations

•
W(C)

ψ //

ΘC
��

W(Q)G

ΘG
Q

��
〈Lj | j ∈ Q0/G〉 Ψ // 〈Ii | i ∈ Q0〉G

• F : Π(Q)#G-Mod ∼−→ Π(C,D,Ω)-Mod induces

F : 〈Ii | i ∈ Q0〉G#G
∼−→ 〈Lj | j ∈ Q0/G〉

I#G 7→ Ψ−1(I); ∀ I ∈ 〈Ii | i ∈ Q0〉G

• Ψ−1 is “categorified” by Morita equ F and induction −#G
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Main result 2

(C,D,Ω)：Cartan triple associated to (Q,G)

(∗) : Gα = Gs(α) ∩Gt(α); ∀α ∈ Q

Theorem
char(K) = p > 0, G : cyclic p-group satisfying (∗).
Then ∃ Morita equivalence

F : Π(Q)#G-Mod −→ Π(C,D,Ω)-Mod

s.t. the diagram commutes:

W(C)

ΘC
��

ψ // W(Q)G

ΘG
Q

��
〈Li | i ∈ Q0/G〉 〈Ii | i ∈ Q0〉G

F◦(−#G)oo
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Main results 2

Rmk : We mention that such a Morita equivalence F is established
in [KKKMM24] independently by a different method, when Q
is of type A and G is of order 2.

Y. Kඑඕඝකඉ, R. K඗ඛඐඑ඗, Y. K඗ජඉඓඉඑ, H. Mඑඖඉඕ඗ග඗, ඉඖඌ Y. Mඑජඝඖ඗,
τ -tilting theory and silting theory of skew group algebra extensions,
arXiv:2407.06711, 2024.
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Example

Example

Q : 2
α // 1 2′

α′
oo , σ interchange α and α′

and G = 〈σ | σ2 = 1〉

• Π(Q) :

2
α

** 1
α∗

jj
α′∗

44 2′
α′

tt / α∗α, α′∗α′, αα∗ + α′α′∗.

• Its associated Cartan triple

(C =

(
2 −1
−2 2

)
,D =

(
2

1

)
,Ω = {(1, 2)})
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Example
• Π(C,D,Ω) : given by

1
α21

44ε1 99 2
α12

tt

with ε21 = 0, ε1α12α21 + α12α21ε1 = 0, and α21α12 = 0.

• char(K) = 2,

F : Π(Q)#G-Mod Morita equ.−→ Π(C,D,Ω)-Mod

F(I1#G) = L1, F((I2I2′)#G) = L2.

• Consider
ψ : W(C) → W(Q)G

ψ(r1) = s1, ψ(r2) = s2s2′ = s2′s2.
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Thank you for your attention !
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