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Temperly-Lieb algebras

K: any field
r: a natural number

For § € K, the Temperley-Lieb algebra TL,(¢) is a K-algebra

defined by generators {uy,...,u,_1} and relations:
(1) uE =ou;,
(2) U,'Uj :UjUj, ’I_.I| > 17
(8) ulriui = u;.

Remark. There exists a ring epimorphism:

KSI' e TLr(_2)

which sends (/,i+ 1) to u;.



Temperley-Lieb algebras

In this talk, the following diagrammatic presentation is preferred.

Temperley-Lieb category TL(¢) is a K-linear monoidal additive
category generated by

|~

Objects: {0,1,2,---}

Morphisms: for m, n € N, Hom,(5)(m, n) is a K-vector space
with the basis of diagrams of the form



Temperley-Lieb algebras

m-1 m

J 2 o--- o

(Recipe: pair points in two rows by curves without crossing!)

Remark. Homy(5(m, n) # 0 if and only if m = n (mod 2).

Composition Rule: concatenation of diagram, e.g.,

/ '\:><\ > 5ny|]




Temperley-Lieb algebras

In general, for diagrams D: m — nand D' : n —r,
Do D — g#circles pyr
for a unique diagram D" : m — r.
Remark. Forr > 1,
Endry5)(r) = TLr(9) (Temperley-Lieb algebra)
In particular, for m,n € N,

Homr;(5y(m, n)

isa (TLm(6), TLa(d))-module.




Temperley-Lieb algebras

Temperley-Lieb algebras arise naturally in Schur-Weyl duality.
g: a nonzero element in K

Gq: quantum GL, (i.e., general linear group GLn(K) if g = 1)
V: natural representation of Gy (i.e., vector space K" if g = 1)
For r > 1, Gy acts on V¥, let

Hp,r = End Gq( V®r)

Remark. If n= 2, then Hp, = TL,(—q — g~ ') as K-algebras
The (quantised) Schur algebra may be defined as:

Sq(n, r) = Endy,, (V®").



Projective-injective modules of TL,()

A: finite dimensional K-algebra

An A-module is called projective-injective if it is both projective
and injective.

Projective-injective modules are of interest in study of

@ Dominant dimension
@ Schur-Weyl duality
@ Tilting theory

@ Algebraic Lie theory




Projective-injective modules of TL,()

Q1: Classify indecomposable projective-injective modules for
the Temperley-Lieb algebra TL,(9).

Q2: Determine the dominant dimension of TL,(4).

Q3: Determine the dominant dimension of S4(2, r).




Projective-injective modules of TL,()

Motivation on the classification problem (Q1).
De Visscher and Donkin (2005):
A= (\,...,Ap)isapartitionof npartsand r = Ay + -+ Ap.

Conjecture: Projective Sy(n, r)-module Py() is injective if and
only if one of the following holds:

M A < (=1 —=1); () A= (Lp™ —1)5 + wou + (p™v

where m > 0, p and v are partitions satisfying some technical
conditions.

Here, p = char(K) and /¢ is the smallest number, s.t.,

1+g+¢°+--+q"1=0



Projective-injective modules of TL,()

andd=(n—-1,n—-2,...,1,0), wy € S, (Symmetric group on
n-letters) is the permutation s.t., wo(u1, ..., pn) = (fny - -5 f11)-

This conjecture may be approached via :

@ representations of quantum groups:
(True for n = 2, 3, De Visscher-Donkin 2005)

@ representations of (quantised) Schur algebras Sq(n, r):
(True if r < n by Schur-Weyl duality;
Trueif r<n(p—1)and q =1, F-2014)

@ representations of Hecke algebras:
(classification of indecomposable proj-injective modules of
TL-algebras is the first step)




Projective-injective modules of TL,()

Remark. De Visscher and Donkin’s conjecture is about a set
X p(n, r) of partitions A = (A1, ..., Ap) of r, satisfying

() A < (n=1)(C=1); or (2) A= (¢p™ = 1)5 + Wop + (p™v

@ It is generally indirect to tell whether a partition belongs to

@ Combinatorial pattern of X} ,(n, r) is not studied.




Projective-injective modules of TL-algebras

Motivation on the dominant dimension (Q2 and Q3)

The study of dominant dimension of (quantised) Schur algebras
is closely related to the homological behavior of Schur functors
(relating (Hochschild) cohomologies of quantum GL, to that of
Hecke algebras).

Assume n>r.

@ dom.dim Sg(n,r) =2(¢ — 1) if £ < r and oo otherwise.
(F-Koenig 2011 for g = 1 and F-Miyachi 2019 for any q)

@ For each non-semisimple block B of Sq4(n, r),
dom.dimB=2(¢—1).

(F-Hu-Koenig 2022)



If n < r, still little is known about dom. dim Sq(n, r).
Example. p=2,9 = 1, dom.dim S(2,4) = 0.
Ifg=1andr < n(p—1),then dom.dim S(n, r) > 2 (F-2014).

For any n,r,p and q, dom.dim Sqg(n, r) > 2 iff dom.dim Hy, > 2
(F-Hu 2023)

In particular, dom. dim S4(2, r) > 2 iff dom.dim TL,(5) > 2.

Q: Characterize when dom. dim TL,(J) > 2.

Remark. Erdmann and Tiago studied the relative dominant
dimension of TL,(9).




Main results

p = char(K)

eK

Spencer (2022): let g : N>g — K, s.t., g(0) =0,g(1) =1, and
q(n+1)=dq(n) —q(n—1)
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Main results

Set ¢/ = min{n € N | g(n) = 0}.

Theorem (Westbury(1995))

TL,(9) is semisimple if and only if ¢ = co; Simple modules are
of the form:

@ 5#0,{L(m|0<m<rm=r(mod2)}
@6=0,{L(m|0<m<r,m=r(mod2)}

P:(m) is the projective cover of L,(m).

Definition

Forre N, letr+1=ag+ a1l + axlp+ - - - + as{p°® be the
(¢, p)-adic expansion of r + 1. Define

t(r) :=2astp® —r — 2.




Main results

Theorem (F-Yin(2024))

(1) If P,(m) is projective-injective, then so are P,_{(m+ 1) and
Pr_2(m).

(2) Fors>1,r=1(ps', P,(r — 2) is NOT projective-injective.

(3) Fors >0, P.(¢pS~" — 1) is projective-injective if

r<ips+(p—1)ps—t—1.




:roddand g=1and p = 3,
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Example: r odd and g =1 and p = 3,

p = 3, Temperley — Licb algebra TL,(2), r odd

Remark. The set X, 5(2, r) exhibits a nice pattern (shadow of
Frobenius twist in Lie theory).



Main results

Corollary

Settp~' =1 and(p=? = 0.

(1) Ifreps" —1,p5 " 4+ (p — 1)¢pS—2 — 3] for some s > 0,
then P,(m) is projective-injective, iff

me [(ps2 —1,t(r)—2]utps' —1,1].

(2) Ifre (tp>~" + (p — 1)¢p>2 — 3,¢p° — 1) for some s > 0,
then P,(m) is projective-injective iff

me[pS' —1,1].

ldea: relate projective-injective modules of TL,(6) for different r.

(a) Use the fact TL,(6) — TL,+1(d) and TL,(5) = eTL,1(d)e for
some idempotent e.



Main results

(b) Analysis on the bimodule Qn(m) = Hom(n, m):
Qnis(M—8) L1,5)= Qn(m),  s<m<n.
If & # 0, then Qn(m) is projective for 0 < m < n, m = n(mod2).

If & = 0, then Qn(m) is projective for 0 < m < n, m = n(mod2).

Remark. If § = —q — g~ for some g € K*, the classification of
indecomposable TL,(4)-modules can be obtained from the fact
that De Visscher and Donkin’s conjecture holds true for n =2
and the Schur-Weyl duality.




Main results

The dominant dimension of an algebra A is at least t, written
dom.dim A > t, if in a minimal injective coresolution:

05 AP Moot
P,1"... 1" are all projective-injective.

Sq(2, r) is a quasi-hereditary algebra with the standard modules
A(X) (Weyl modules), where A = (A1, \2) is a partition of r.

Proposition (Deriziotist(1981), Doty(1985), Erdmann(2023))

socA(N) = L(p), where pn = (u1, p2) Is a partition of r with

p1 — p2 = (A — A2).

Theorem (F-Yin(2024))
dom.dim TL,(6) > 2 iffdom.dim S4(2, r) > 2 iff
ré¢pS' 2¢pS~1' —4], foranys>2.

= = =




Idea: Combine the last proposition with the first main result and
the following facts:

@ dom.dim S4(2, r) > 1 if each Weyl module is embedded
into a projective-injective module, known as torsionless;

@ dom.dim S4(2, r) > 2 implies that each Weyl module is
torsionless (F-Koenig 2011);

(
@ dom.dim S4(2,r) = 0,00 or 2m for some m € N (F-2014);
@ dom.dim Sy(2, r) > 2 iff dom.dim TL,() > 2 (F-Hu 2023);




Thank you for your attention!




