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© Any connected graded algebra A can be considered as a
connected cochain DG algebra with zero differential
o 05A=kSAL2A2% . QA+ 0
© V complex of graded A-modules - - - a0 xi 9y it 4
can be compressed as a DG «/-module
(@ TX', ((-1)' £ (d))iez). (ZM)] = mi+L
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If ,eof is compact, then <7 is called homologically smooth.
</ is homologically smooth if and only if .,k is compact.

° H(R Hom e (<7, k)) = H(R Hom,, (k, k))

@ If & is homologically smooth and & # k, then
sup{i|H'(«/) # 0} = 400 —— Mao-Wu, (2009)
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Let 7 be a Koszul connected cochain DG algebra. Then <7 is
Calabi-Yau iff its Ext-algebra H(R Hom,, (k, k)) is a symmetric
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Definition 1.13 Let E be a finite dimensional graded algebra. It
is called a Frobenius graded algebra if any one of the following
equivalent conditions holds.

© 3j € Z and an isomorphism of left E-modules: YJE — E*.
© 3j € Z and an isomorphism of right E-modules: YJE — E*.

© Jd < Z and a graded non-degenerate bilinear form
(—,—):E xE — ¥9K, sit. (ab,c) = (a,bc), Va,b,c € E.
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Source of inspiration

[1] P. Jgrgensen, Duality for cochain DG algebras, (2013)
[2] Auslander-Reiten theory over topological spaces, (2004)
[3] B. Keller, Calabi-Yau triangulated categories, (2008)
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Theorem 2.2 arXiv:2407.14805

Let &7 be a homologically smooth connected cochain DG
algebra. Then following statements are equivalent.

© The Ext-algebra H(€) is a Frobenius graded algebra;

Q@ . is left Gorenstein;

© . isright Gorenstein;

Q (£)e € 2°(E°) and ¢(£*) € 2°(€);

@ dimy H(RHomg(k, £)) < oo, dimy H(R Homgo (k, £)) < o0;
Q@ dimy H(RHomg(k, £)) = 1, dimy H(R Homgor (k, £)) = 1;
@ 2°(€) and Z°(£°) admit Auslander-Reiten triangles;

Q ZP(«/) and 7 (<7°P) admit Auslander-Reiten triangles;
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Theorem 2.3 arXiv:2407.14805

Let &7 be a homologically smooth and Gorenstein DG algebra.
Then the following statements are equivalent.
@ .7 is Calabi-Yau;
@ The Ext-algebra H(&) is a symmetric Frobenius graded
algebra;
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Calabi-Yau.
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Theorem 2.3 arXiv:2407.14805

Let &7 be a homologically smooth and Gorenstein DG algebra.
Then the following statements are equivalent.
@ .7 is Calabi-Yau;
@ The Ext-algebra H(&) is a symmetric Frobenius graded
algebra;
© The triangulated categories 2°(£) and 2°(£°P) are
Calabi-Yau;
@ The triangulated categories (<) and Z2(</°P) are
Calabi-Yau.

| A\

Theorem 2.4 arXiv:2407.14805

A connected cochain DG algebra o7 is Calabi-Yau if and only if
its Ext-algebra H(E) is a symmetric Frobenius graded algebra.

>




Applications

e Applications



Applications
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Then & is a non-Koszul Calabi-Yau DG algebra.
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Example 3.1 Let ./ be a connected cochain DG algebra s.t.
% = k(x,y)/(x?y —yx?,xy? —y*x),|x| = |y| = 1

with a differential defined by d.,(x) = y?2,0.,(y) = 0.

Then & is a non-Koszul Calabi-Yau DG algebra.

Step 1: .k admits a minimal semi-free resolution F s.t.

F# =% o d"Yeyd d7Te, d d7Te.® A7 e d A7 Te,
Or(Zey) =y, Or(Xe;)=x-+yXey, Or(Ze)=x?

O (Zer) = X°Tey +yXe,, Og(Xer) = yXer + xXee +X2Xey.

o

Step 2: H(R Hom (k, k)) = H(Hom,,(F,k)) = Hom (F, k
= k1* @ k(Xey)" @ k(Xe,)" @ k(Xe)" @ k(Xer)* @ k(Xe)*
17 = |(>ey)"| = |(*e,)"| = 0

|(Zex2)"| = ()| = |(Xer)| = —1.

Note that {
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Example 3.1 Let ./ be a connected cochain DG algebra s.t.
% = k(x,y)/(x?y —yx?,xy? —y*x),|x| = |y| = 1

with a differential defined by d.,(x) = y?2,0.,(y) = 0.

Then & is a non-Koszul Calabi-Yau DG algebra.

Step 3: Compute H(R Hom,,(k, k)) = H(Hom/(K, K)).
It is isomorphic to the algebra
(/ d

5
| a,b,c,d,e,qek, =@ ke,

O ® QO O OO
D QO OO OO
O OO OOoOo

Y O Q9 O

ocoowao
o OO QOO

where o = ) Ejj, €1 = E21 + E32 + Es4 + Egs, €2 = E31 + Eeu,
i—1
€3 = E41 + Es2 + Eg3, €4 = Es1 + Eg2 and es = Eg;.
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Example 3.1 Let ./ be a connected cochain DG algebra s.t.
% = k(x,y)/(x?y —yx?,xy? —y*x),|x| = |y| = 1

with a differential defined by d.,(x) = y?2,0.,(y) = 0.

Then & is a non-Koszul Calabi-Yau DG algebra.

5
Step 4: H(R Hom,(k, k)) = &P ke; with |eg| = |e1| = |e2| =0,
- i=0

les| = |e4| = |es| = —1 and a multiplication structure given by

|eo e1 e e3 e e
(=) €p €1 (57 e3 €y
e €1 (57 0 €y
e | ea O 0 eg
e3 e3 €4 €5 0
es | e4 e O 0
€5 €5 0 0 0

4]

[eNeoNeNeN()
o
[eNelNoNeNeN]

It is a symmetric Frobenius graded algebra.
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Let <7 be a connected cochain DG algebra.
@ The cohomology graded algebra of <7 is the algebra

ker(d' )
H(&) = L
() iEGBZ im(9;")

@ vz c ker(d' ), we denote by [z] the cohomology class in
H (<) represented by z.

Proposition 3.2 [Mao-Yang-Ye, (2019)]

If the trivial DG algebra (H(<7), 0) is Calabi-Yau DG algebra,
then 7 is a Calabi-Yau DG algebra.
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Let ¥ be a connected cochain DG algebra.
@ The cohomology graded algebra of <7 is the algebra
ker(d' )
H(&) = L
() EBZ im(9")
@ vz c ker(d' ), we denote by [z] the cohomology class in
H (<) represented by z.

Proposition 3.2 [Mao-Yang-Ye, (2019)]

If the trivial DG algebra (H(<7), 0) is Calabi-Yau DG algebra,
then 7 is a Calabi-Yau DG algebra.

| A\

Proposition 3.3 [Mao-He, (2017)]

Let &7 be a connected cochain DG algebra. Then .« is Koszul

and Calabi-Yau if H(./) = ([zﬁﬂf}lﬂ;ﬂ?zm' 21,2, € ker(9%)).

And ¢/ is not Calabi-Yau but Koszul, homologically smooth and
Gorenstein if H(«) = k[[z1], [22]], 21,22 € ker(d2)).
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Let G and D be the category of connected graded algebras and
the category of connected cochain DG algebras, respectively.

Remark 3.4

® ©:G — D: the functor s.t. VA € G, ©(A) is a trivial DG
algebra with ©(A)# = A.

@ O preserves Koszul, Gorenstein and homologically smooth
properties

@ O doesn’t necessarily preserve Calabi-Yauness
@ the multiplication of the opposite algebra

graded context DG context
axb=ba axb = (—1)RPlpa
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Let G and D be the category of connected graded algebras and
the category of connected cochain DG algebras, respectively.

Remark 3.4

® ©:G — D: the functor s.t. VA € G, ©(A) is a trivial DG
algebra with ©(A)# = A.

@ O preserves Koszul, Gorenstein and homologically smooth
properties

@ O doesn’t necessarily preserve Calabi-Yauness
@ the multiplication of the opposite algebra

graded context DG context
axb=ba axb = (—1)RPlpa

@ Note the difference of the multiplications of A® and ©(A)®

o
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Proposition 3.5 Let .o/ be a connected cochain DG algebra s.t.

H(er) = kLD x y € 21(a),

f1 =a[x][y]> +bly][x][y] +aly]?[x] +c[x],
fa = aly][x1% +b[x][y1[x] +a[x]*[y] +c[y7°,
where (a:b:c) € P2 —© and
D:={0:0:1),(0:1:0)}u{(a:b:c)a?=Db?=c?}.
Then 7 is a homologically smooth and Gorenstein DG algebra.
However, it is neither Koszul nor Calabi-Yau. arXiv:2407.14805

o
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Proposition 3.5 Let .o/ be a connected cochain DG algebra s.t.

H(er) = kLD x y € 21(a),

f1 =a[x][y]? +bM[ 1ly] +aly]?[x] +c[x]?,
fa = aly][x1% +b[x][y1[x] +a[x]*[y] +c[y7°,
where (a:b:c) € P2 —© and
D:={0:0:1),(0:1:0)}u{(a:b:c)a?=Db?=c?}.
Then 7 is a homologically smooth and Gorenstein DG algebra.
However, it is neither Koszul nor Calabi-Yau. arXiv:2407.14805

H(<) is a cubic Artin- Schelter algebra of type A

i=0,1,2
H(R Hom,, (k, k ke;, lei| = 0,
(RHom, (k1)) = @ key, le =4 % 17500
- | eo €1 €2 €3 €4 €s
2le & e % O

0 o o o
2| e 0 0 —e 0 o Itis Frobenius but not symmetric.
e3 e3 0 es 0 0 0
ey ey es 0 0 0 0
e5 es 0 0 0 0 0
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Definition 3.6 Mao-Xie-Yang-Abla, (2019)

A connected cochain DG algebra ./ is called DG free if
A =k(X1,X2, -+ ,Xn), With [x;j| =1, Vi € {1,2,--- ,n}.
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Definition 3.6 Mao-Xie-Yang-Abla, (2019)

A connected cochain DG algebra ./ is called DG free if
A =k(X1,X2, -+ ,Xn), With [x;j| =1, Vi € {1,2,--- ,n}.

Definition 3.7 Mao-Xie-Yang-Abla, (2019)

Let (M1, M2, ... 'M") be an ordered n-tuple of n x n matrixes
n
witheach  M'=(cy,cp,---,¢c)=|[ o [,i=12--,n
g
We say that (M, M?,... M")is crisscross if
n . . -
kz_:l[cjkrl'( — ¢t 1= (0)nxn, Vi,j € {1,2,---,n}.
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Theorem 3.8 Mao-Xie-Yang-Abla, (2019)

Let <7 be a DG free algebra s.t. &% = k(Xq,Xo, - ,Xn) With
Ixi| =1,i =1,2,--- ,n. Then 3 a crisscross ordered n-tuple
(M1, M2 ... MM of n x n matrixes s.t. d,, is defined by

X1

. X2
0oy (X) = (X1, X2, -+, Xn)M! . . Conversely, given a

Xn
crisscross ordered n-tuple (M1, M2 ... 'M™") of n x n matrixes,
we can define a differential 0 on k(X1,X2,--- ,Xn) by
X1

. X2 )
o(Xi) = (Xo, X2, ,xa)M' [ 7 | ,Vie{1,2,--- ,n}

Xn
such that (k(x1,X2,--- ,Xn), ) is a cochain DG algebra.
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Theorem 3.9 Mao-Xie-Yang-Abla, (2019)

Let o and # be two DG free algebras s.t.
%# = ]k<X1)X27"' )Xn>7 B# = ﬂ‘(Yl,YZa"' ,Yn>a |Xi| = |yl| = 1.

Assume that 04 and dg are defined by crisscrossed n x n
matrixes M1, M2, ... M" and N1 N2 ... N", respectively.
Then A = B iff 3 A = (ajj)nxn € GLn(k) s.t.

N ATMIA
N, ATM2A
(aij En)n2><n2 : = .

Np ATM"A
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Theorem 3.10 Mao-Xie-Yang-Abla, (2019)

Let o7 be a DG free algebra with 2 degree one generators.
Then 7 is a Koszul Calabi-Yau DG algebra iff 0., # 0.
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Theorem 3.10 Mao-Xie-Yang-Abla, (2019)

Let o7 be a DG free algebra with 2 degree one generators.
Then 7 is a Koszul Calabi-Yau DG algebra iff 0., # 0.

Question 3.11
Can we generalize the result above to the cases n > 3?

Example 3.12 arXiv:2407.14805

Let o7 be a DG free algebra with .&7# = k(x1, X2, X3), |Xi| = 1
and 8@%(X1) = Xlz, 6¢(X2) = X2X1, 6¢(X3) = X1X3.
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Theorem 3.10 Mao-Xie-Yang-Abla, (2019)

Let o7 be a DG free algebra with 2 degree one generators.
Then 7 is a Koszul Calabi-Yau DG algebra iff 0., # 0.

Question 3.11
Can we generalize the result above to the cases n > 3?

Example 3.12 arXiv:2407.14805

Let o7 be a DG free algebra with .&7# = k(x1, X2, X3), |Xi| = 1
and 8@%(X1) = Xlz, a@f(Xz) = X2X1, a@f(Xg) = X1X3.

-

The DG algebra <7 in Example 3.12 is a non-Koszul Calabi-Yau
DG algebra with H(<) = k[[X2X3]].
Its Ext-algebra H(R Hom,, (k, k)) = k[x]/(x?) with [x| = —1.

-
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Example 3.13 arXiv:2407.14805

Let o7 be a DG free algebra with 7% = k(x1, X2, X3), |Xi| = 1
and d./(X1) = X2X3, Oy (X2) =0 dr(x3) = 0.
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Example 3.13 arXiv:2407.14805

Let <7 be a DG free algebra with &/# = k(x1, X2, X3), [Xi| = 1
and agy(Xl) = X2X3, aQ/(Xz) =0 agy(Xg) =0.

</ 1s a Koszul homologically smooth non-Gorenstein DGA with

H(<) = IkWXOzL [x3])/([%2][xa])-

H(R Hom, (k, k)) & | a,b,c,d € ky not Frobenius

o0 To
o O

» O OO

0
a
0

(¢]

4
Seteo = ) Ej, €1 = E»1, €2 = E31 + Esp and e3 = Esg.
i—1

|eo €1 € €3
eo‘eo € € €3

€1 e 0 0 0
e € e3 0 0
e3 e3 0 0 0
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Example 3.14 arXiv:2407.14805

Let A be a DG free algebra with &% = k(xy, Xz, X3), [Xi| = 1,
and 9./ (X1) = X2, 0wy (X2) = X1X3 + XaX1 0.y (X3) = 0.
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Example 3.14 arXiv:2407.14805

Let A be a DG free algebra with .77 = k(X1, X2, X3), || = 1,
and agy(Xl) = X%, agy(Xz) = X1X3 + X3X1 agy(Xg,) =0.

The DG algebra <7 in Example 3.14 is a Koszul Calabi-Yau DG
algebra with H(.7) = k[[x3], [X{ + X2X3 + XaX21]/([x3]?).

a 0 0 O
HRHom (k1) | D 2 2 0 | jabcdeky = kx]/(x*), x| =0
d ¢c b a

is a symmetric Frobenius algebra concentrated in degree O.

o
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Thanks for your listening!
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