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Notation

@ O is alocal PID with the maximal ideal (), K is the field of fractions
of O, and F is the residue field O/(m) of characteristic p < oco.

@ For an O-torsion free D-algebra A, let
A=K®o A, A=F®p A, Ja = ANRad(A),
and, for an O-free A-module M, let
M =K®e M, M=F®o M

be the A- and A-modules respectively.

@ For simplicity, we may assume all O-modules are finitely generated.
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Motivation

Example 1
Let G be a finite group. Choose a suitable p-modular system (K, O, F)
and suppose that p 1 |G|. The representation theory of KG and FG are

the same.
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Example 2

Let 7 be the descent algebra of type A5 (a subalgebra of O&g). The
algebras 9 and  are basic. The simple Z-modules (respectively,
9-modules) are parametrised by the set consisting of (respectively,
p-regular) partitions of 6. When p > 7, we have the following radical layers
of the PIMs

5'(2 2,1,1) 3(2 2,1,1)
3 S 5 S
p _ (32,1) P = (3,2,1)
(2,2,1,1) S(5 1) D S4 2 @ 53 3 B2 5(5 1) ® 512 ® S3,3
Ss) 56)
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Integral Basic Algebra

Definition 1

Let @ = (Qo, Q1) be a quiver. The quiver algebra OQ is the O-free
algebra with a formal basis consisting of all paths in @) and, for any two
paths v and &, the multiplication is defined as

N:{ o I E(E) = hea),

otherwise.

Let Jg be the (two-sided) ideal of OQ) consisting of paths of length at
least one.
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The Hypotheses (D == C = B = A)

F=0/(r) A=F®ovA Ji=ANRad(d) S=K&pS

Hypothesis A

If M and S are finitely generated O-free A-modules with S simple then
Extly (M, S) is O-free for all t > 0.

Hypothesis B

Suppose that the algebra A has finite rank over O, we have
Rad(A) = mA + Ja and orthogonal idempotent decompositions of the
identity in A lift to A.
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Hypothesis C

There exist a finite quiver Q), an ideal I of OQ), and n > 2 such that
JoCIC JQ and A = 0Q/I is O-free of finite rank.

(Equivalently, A is basic and A, A/Ja and Ja/J3 are all O-free.)

Hypothesis D

Hypothesis C holds, and for alln > 1, A/J} is O-free.
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If A satisfies Hypothesis C, there are O-free of rank one A-modules
S1,...,5m where m = [Qo| such that, forall i =1,...,m, S; and S; are
simple A- and A-modules respectively. Let P; and P; be their projective

covers.
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Main Results
Theorem 3 (Benson-L. 2024)

@ Hypothesis D = Hypothesis C = Hypothesis B = Hypothesis A

@ If A satisfies Hypothe5i§ A, then, for any finitely generated O-free
A-modules M, S with S simple and t > 0, we have Exty(M, S) is
O-free and

F ®o Exty (M, S) = Ext;(M, S),
K ®0 Extly(M, S) = Extii(M,S).
In particular, dimp Extf‘i (M, S) = dimg EXtii (M, S).

@ If A satisfies Hypothesis D, then the radical layer multiplicities of B
and P; are equal, i.e., for all 1 <i,j <m andt >0,

(Rad!(P;)/ Rad'™(P;) : §;) = (Rad'(P;)/ Rad't}(P)) : ).
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Examples

Example 4
Let @ be the quiver
2
a b
1 SN 5
AN 24

and A = OQ/I with I = (edc — wba). The algebra A satisfies Hypothesis
C, but not Hypothesis D. Let J4 = Jg/I. As an O-module,
A)J5 2 F@12- O is not O-free.
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example cont'd

The projective covers of the module 1 over A and A are given by the
following diagrams respectively:

1 1
/N RN
2 3
2| | |
\ s 5 4
e
5
In particular, their radical lengths are different.
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Example 5 (Descent Algebra)

Let (W, S) be a finite Coxeter system. For any subset J C S, let W be
the parabolic subgroup of W generated by J and X ; be the distinguished
left coset representatives consisting of minimal length elements for W/W .
Define

Ty i— Z w € OW.

weX g

For another subset K C S, let X i be the distinguished double coset
representatives of (W, W) in W. L. Solomon showed that

E L
TJTK = CLJKIEL
LCS

where a’:;K is the number of elements w € X ;i such that
w™'JwN K = L. The descent algebra 2 is the O-algebra spanned by
{a:J 2 J Q S}
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example cont'd

The algebra 7 satisfies Hypothesis A when p { [W|, and Hypothesis D
when p is large. In particular, the Ext quivers of 2 and & are identical
when p 1 |W].

Their Ext quivers have previously been computed by Schocker (for 9 of
type A) and Saliola (for both & and Z of both types A and B, and

ptW]).

For example, the Ext quiver of the descent algebra of type Ay is

p=T:213 > 312 y 41 32 « 221

oD o

A~

A~

32 ¢ 221

~

m= &5 2l > 312 y 41

In general, the Ext quivers of 9 of type A are directed. But 9 is not
gentle.
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Example 6
Let p be an arbitrary prime.

@ The nil-Coxeter algebra of a finite Coxeter group satisfies Hypothesis
D.

@ The face algebra of hyperplane arrangements in a real space satisfies
Hypothesis C.

@ The 0-Hecke algebra of a finite Coxeter group satisfies Hypothesis B.
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Theorem 7
Let 9, be the descent algebra of type A,_.

@ [Schocker 2004] When p = oo, 9, has finite type if n < 5, and wild
type otherwise.

@ [Erdmann-L. 2024] Let p < co. The representation type Py, is
depicted as follows:

n

Finite wild

Wk N WwWwN

Pl
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Theorem 8 (Erdmann-L. 202X)
The representation type of the descent algebra of type B,, is depicted as

follows:

2 Tame

7
11 . wild
13 Finite
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Problem(s)

@ Suppose that A satisfies Hypothesis D. Are the representation type of
A and A the same, that is, A has finite type (respectively, tame or
wild) if and only if A has finite type (respectively, tame or wild)?

@
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