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Overview

@ Q is a finite acyclic quiver.
@ g is the associated Kac-Moody Lie algebra.

@ U,(g) is the quantum group with the positive part U,(n™).

U, (n") — Uy(g)
Ringel-Hall algebra — Bridgeland’s Hall algebra
Lusztig’s perverse sheaf theory 777

(dual) canonical basis of U,(n") C a new basis of U,(g)?

Goal: Generalize Lusztig's sheaf construction to complete the 777 part and
obtain a new basis in the case that Q is a Dynkin quiver.
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e Q= (I,H,s,t) is a Dynkin quiver.
o A= Ag = repg(Q) is the category of finite-dimensional
representations of Q over a field K.

@ P C A is the full subcategory of projective objects.
e K(A) is the Grothendieck group of A.

@ The Euler form and the symmetric Euler form K(A) x K(A) — Z
are induced by

(M, N) = dimgHom (M, N) — dimgExt} (M, N),
(M, N) = (M,N) + (N, M).
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The category of two-periodic projective complexes

@ Co(A) is the category of two-periodic complexes. Its objects are of
the form

dl
My = (M M d* d®) = M = MP°,
dO
where M7 € A and &/ € Hom (M7, M7T!) satisfies @/ T1d’ = 0 for
J € Z3. lts morphisms are pairs f = VAN E M, — N,, where
J7 € Home,(4)(M7, N7) satisfies d’y f7 = fit1d, for j € Zs.

@ C3(P) C C3(A) is the full subcategory of two-periodic projective
complexes, that is, M, € Co(P) < M7 € P for j € Zs.
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Hall algebra for two-periodic complexes

o A = Ap, over the finite field F,.

@ 14(C2(A)) is the Ringel-Hall algebra of C2(A). It is a C-algebra with
a basis {upg,)|[Me] € Iso(C2(A))} and the multiplication

UML) *UNY = D NN UL
[Le]
where g]{j[‘.N. = |{subobjects L, C Lo|Le/L, = M,, L, = Ng}|.
@ Riedtmann-Peng formula

Le |EXté2(A)(MuNo)L.‘ ar,
IM.N, =

[Home, (4y(Me, No)| anrr,an,’

where ExtéQ(A)(M., No)r. C ExtéQ(A)(M., N,) consists of
extensions whose middle terms are isomorphic to L,, and
au,,0n,,ar, are the orders of the automorphism groups.
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Hall algebra for two-periodic projective complexes

@ The multiplication can be rewritten as

]Extc M., No)r.|

(anrr,upn,) * (an,up,)) [%:] ’Hom@ Al (ar,uiL.])-

o H,(Ca(P)) C Hy(C2(A)) is the subspace spanned by ujyy,) for
M, € C2(P), then it is a subalgebra, since C2(P) is closed under
extensions.

@ The twisted form H;"(C2(P)) is the same as H,(C2(P)) as C-vector
spaces, with a twisted multiplication

upgy) * upn,) = vgONOHMUND N Bl s

[Le]

where v, € C is a fixed square root of g.
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Localization and Bridgeland’s Hall algebra

@ An object M, € Co(P) is said to be contractible, if it is isomorphic to
Kp & K, for some P,Q € P, where

1 0
Kp=P——P K)y=Q+—Q.
0 1

We denote by elements
pr = AKpU[Kp]s bK}'; = CLK;;U[K;} € HZW(CQ(P))
o Bridgeland found that {bx,, bk |P € P} satisfies the Ore conditions

pr * ’LL[M.} = ’U((]P’MO_Ml)U[M.] * pr)

O_MI)U[M'] * bK;),

brex, * uppg,) = vq_(ﬁ’M
and defined the localization with the reduced quotient
DH,(A) = H (Co(P)bick bk | P € P,

DH;*Y(A) = DHy(A)/ (b, * bicy, — 1|P € P).
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Bridgeland's Hall algebra for quiver representations

For any o € K(.A), it can be written as a = P —Q for some P,Q € P,
there is a well-defined element

bo = bKP * bKZ? S DH;ed(A).
For any M € A, there are elements

EM = UéP’M>bip*(acMu[CM]), FM = UéP’M>bp*(aC;4U[C;§4]) € ’D’Hfled(A),

where Cyy = (P, Q, f,0) € C2(P) is given by the minimal projective
resolution 0 — P 5 Q % M — 0 of M.

Theorem (Bridgeland)

There is an algebra isomorphism

U=y, (8) — DH(A)
E;— Es,/(¢—1),Fi = —v,Fs,/(q— 1), Ki = bg , K, ' = b_g..

Jiepeng Fang (PKU) Sheaf realization of Bridgeland’s Hall algebra 9 /37



Outline

© Sheaf realization of Bridgeland's Hall algebra

Jiepeng Fang (PKU) Sheaf realization of Bridgeland’s Hall algebra



k = F, is the algebraic closure of F,.

For any k-variety X together with an algebraic group G-action
defined over F,, D% (X) is the G-equivariant bounded derived
category of C-constructible sheaves on X, and DESS(X) is the full
subcategory of semisimple complexes, that is, direct sums of simple
perverse sheaves up to shifts.

DY (X) C DbG(X),D?ffn(X) C DY%**(X) are the full subcategories
of mixed Weil complexes.

A = 1ep(Q).

{P; € P|i € I} is a fixed complete set of indecomposable projective
objects up to isomorphisms.
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Variety of Cy(P)

o For any e € NI x NI, we denote by P/ = @, ¢! P; for j € Zs, and
define an affine variety

C. = {(d*,d°) € Homy (P, P®) x Hom4(P°, P1)|d"T'd’ = 0}
and define a connected algebraic group G, such that
Ge = Aut 4(P') x Aut4(P?)
which acts on Cg via
(9'.9%).(d". d°) = (¢%d*(g") "1, 9" d"(¢") ).

@ There is bijection between {G,-orbits in C.} and {isomorphism
classes of M, € Co(P) satisfying M7 =2 P7 }. Moreover

Stab(O (g1 o)) = Aute,py (P, P, d", d°).
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Induction functor

For any e = ¢/ + €, consider the diagram

ps3

Ce/ X C " 47 ¢ — " = Cg,

where
C" ={d",d", W, w)|(d",d’ € Ce, W C P
is a direct summand such that W7 = P and d/(W7) c WiT1},
C = {(d',d", W W2 p1, %, py, PR)|(d', d°, W WP) € C7,
gl Pl Wi = Py, g W =, P are isomorhisms in A},
pr(d' d W WO, p1, 0, py, ) = (prs(d", d°), pau(d', d°))
= (PYd (p1) " (P 7). (5" fw (p2) ™, pad’lwo (p3) ),
(dl W' WO,PlaPhP%PQ) = (dl,do,Wl,WO),
pa(d', d°, W, WO) = (d', d°).
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Induction functor

C/XC//‘ b1 C/ : 'p2 ‘CH p3‘Ce
not smooth in general principal bundle proper

We define the induction functor to be

DG ef (C ) X DG el (CQH) - D%g(cg)

Indg, ., (AXB) = (p3)i(p2)(p1)" (AR B)[—|¢/, ¢"[](—

where (p2), is the equivariant descent functor which is the quasi-inverse of
(p2)*, and

|§/’§//| :<P/1,P//1> + (P/O,P//())
—=dimyHom 4(P"!, P"') + dimHom4(P", P"™).
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Restriction functor

For any e = e +€”, we have P/ = P'7 @ P"J. We denote by

pl . PiJP"i =, P'J the natural isomorphism and gl P L P the
identity morphism.
Consider the diagram

K L

CQ/ X CQ// -

€

- C
closed embedding =
(pl*(d17d0)7p2*(d17d0)) ~ (d17d0) H > (d17d0)

where

F = {(d",d°) € C|d(P") c P!},
We define the restriction functor to be

Dg}g(cg) - ID%E/XGEH(CQI x Cer)

e/, e’

2)'

Reségu(C) = rl*(O)||€, " |](
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Associativity and coassociativity

For any e, eq, €3, we have

Ind$ 1979 (Id W Indg2 £2°) = IndS! 22 0% (Indg! £22 W 1d)

€1,€ot€3 €2,€3 €1+€9,€e3 €1:€2
esteg e, testes ~ e, tes e, testes
(Id x Resej.e,*)Rese) ¢ Ge,” = (Rese)e,” X Id)Resg) 22 ¢ °.

o Firstly, we use the induction and restriction functors to give two
geometric constructions of Bridgeland's Hall algebra via functions
DHIY(A) = DHIY(A) = DH; ™ (A).

@ Secondly, we use the induction functors and constructible sheaves to
construct a Z[C*]-algebra DK*d such that the trace map induces an
isomorphism C @zcv) DK™ = DHI(A).

@ Thirdly, we use the restriction functors and perverse sheaves to
construct a Z = Z[v, v~ ]-algebra DIC*** 4 such that the trace map

induces an isomorphism C @z DS red =, D?‘:[;’red(A).
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Pullback and pushforward for functions

@ 0: X — X,0:G — G are the Frobenius maps.

@ X7 C X,G? C (G are their o-fixed point sets.

o Hao(X?) is the C-vector space of G7-invariant C-valued functions
on X7.

@ For any G-equivariant morphism ¢ : X — Y which is compatible with
[F4-structures, there are two linear maps

o* Heo (Y?) — Heo (X9)
g = (= g(p(2))),

Pr e 7:[Gd (X79) — ']:[GU (Y7)
fewe D> fla).

zep~(y)
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IF,-structure

For any e = ¢/ + ¢”, the diagrams
Co x Cer 4= C' 2 C" 25 €,
CQ’ X CQII (iF L> Cg,
are defined over IF,. Taking the o-fixed points set, we obtain
Cg x Cgn = C7 25 €7 25 Y
e/ e’ e
Cgl X Cg// (iFU L) Cg,
then we define define two linear maps
Hao, (CZ) @ Hao, (CLr) = Hae (CF)

e e

ndg; o (f ©.9) = @Wi(pg)!(pm(pl)*(f@g),
Hag (C7) = Har, (CZ) ® Hag, (CZ)

resﬁ,@,,(h) = v;‘e ey (h).
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Induction and restriction linear maps for functions

@ Then all indf, , define a multiplication and all res?, , define a

;’7§,,
comultiplication on the direct sum

7'2(1(02(7))) = @ 7‘~[Gg (Cg)

@ The comultiplication induces a multiplication on the graded dual

Hy(C2(P)) = D HE: (C7) = @ Home (Heg (C7), ©).
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Structure constant

Any point (d',d°) € CZ determines an object M, € C2(Pg,) of projective
dimension vector pair e. In this case, we also write M, € CZ, and denote
by On, C CZ the corresponding GZ-orbit and 1o,,, € Hae (CZ) the
corresponding characteristic function. S

Lemma
Foranye=¢ +¢” € NI x NI, M, € CZ, Ne € C, Lo € CZ, we have

indé’,g’/(loM- ® ]'ON.)(L.) == ’U|§ € |g§d’.,N.

|e/ //| ‘EXtCQ(P]F )(M.7N )L.’
q ‘HomCQ('P]Fq)(M.7N)’

res (1o, ) (M, No) =
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Bridgeland's Hall algebra via functions

Corollary
There are algebra isomorphisms

Hq(Ca(P)) = HE(C2(P)) Hi(Ca(P)) = HE(Ca(P))
Loy, = U] 1oy, — (@ upg,),

There are algebra isomorphisms between localizations, and between
reduced quotients

DHy(A) =Hy (C2(P))(
DH(A)=H; (C2(P)(Aoy,) " (D, ) IP € Pr,] = DHy(A),
<

D/}:[Zyred(A):,DﬁZ(A)/< Okp *p IOK}'; — HP € qu> = ’D'H;ed(A)

[ aKP]'OK ) (aK* 10;{*) 1‘P S PFq] = D%Q(A)7
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Sheaf-function correspondence

Any object in Dme(X) is of the form (L, ), where L € D%(X) and
w:0*(L) = Lisan isomorphism. For any x € X7, there is an
isomorphism ¢, : L, =N L, then for any s € Z, there is an isomorphism

H*(py) : H*(Ly) =N H*(L,) between C-vector spaces. Taking the
alternative sum of their traces

xu(x) = (~1)*tr(H*(p,)) € C
SEZL
defines a G%-invariant function on X°¢.

Lemma

Forany A€ DY, (Cy),BeDf, (Ce),C €Dl (C), we have

XIndS, . (ARB) = indg,’g,, (x4 ® XB),

e
XResj ol (C) - resg/&// (XC)
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Grothendieck group

@ For any e € NI x NI, we define K, to be the Grothendieck group of
Dg}e,m(cé)' and define the direct sum K = P, K.
@ For any G-orbit Oy, C C,, we define Sy, € K. to be the image of

inclusion. Then K, is a Z[C*]-module with a basis {Ss,|Onm, C Cc}.
@ For any P € P, suppose ef,, is the projective dimension vector pair
of Kp, we define

Brp = (jxp ) (i h(@lce, ) € D?;EKP m(Ce )

associated to Kp = (1,0) € C where

CKp'
pr : GQKP — OKP
(9", 9°) — (', ¢°).(1,0)

is the principal Autc,p)(Kp)-bundle. Similarly, we define By,
associated to K3 = (0, 1).
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Bridgeland’s Hall algebra via constructible sheaves

Theorem

All induction functors Ind< o e fore = ¢ + ¢” induce a multiplication on K
such that the trace map mduces an algebra isomorphism

C ®zic K = Hy(Ca(P)).

Moreover, the subset {[Bx,|,[Bks]|P € P} satisfies the Ore conditions,
and so there is a well-defined localization with a reduced quotient

DK = K[[Bk,| ™", [Bk3 ] '|P € P,
DK™ = DK/([Bx,] * [Bkz] — 1|P € P)

such that the trace map induces algebra isomorphisms

C ®zcv) DK =2 DHy(A), C@gcv) DK™ = DHI(A).
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Semisimple Grothendieck group

@ For any ¢ € NI x NI, we define K° to be the Grothendieck group of

D%Zm(cg)' and define a Z = Z[v,v~!]-module structure on it via

v.[L] = [L[-1](—3)]. We define the direct sum and its graded dual

K* =Ky, K=K = @@ Homz (K, 2).

@ For any Ge-orbit Oy, C Ce, we define Iy, € K¢ to be the image of

10(Ox,, T) (T

o Then K3° has a Z-basis Z, = {In,|On, C Cc} and £ has a
Z-basis T = | |, Z.. We define

I; = {I},|Om, C Ce} C K™
to be the dual basis of Z, and 7* = | |, Z;.
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Hall algebra for Co(P) via perverse sheaves

For any e = ¢ + ¢€” € NI x NI, the restriction functor can be restricted to

Resg o 2 Do (Ce) = D7 1 (Ce) RDG, ,(Cer)-
v

Theorem

All restriction functors Resg, o fore = €' + €” induce a comultiplication r
on k%% such that the trace map induces an isomorphism

~

CrzK*® = 7'2,;,(02(?)),

where C is viewed as a Z-module via v.z = vqz. Dually, the
comultiplication r induces a multiplication %, on K*$* such that the dual
of the trace map induces an algebra isomorphism

Hi(C2(P)) = C oz K35,
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Images of bk, br,

@ There are algebra isomorphisms

@ We observe that b, — 1® v_@’p)I}‘( , b 1 ® v_<p’p>l;‘{*.
P P P
This inspires us to localize KC*%* with respect to

i;((P = 'U_<ﬁ7ﬁ>l;<(P, i;(;; = U_(Pv >I;(;;’

as Bridgeland localized H{"(C2(P)) with respect to b, brcy, -
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Bridgeland’s Hall algebra via perverse sheaves

Theorem

The subset {f}}P, f}‘qp P € P} C K*%* satisfies the Ore conditions, and so
there is a well-defined localization

DI = K**((Te,) ™", (T ) ' 1P € P)
with a reduced quotient

DK = DI (I, %, Iy — 1|P € P)
such that

DH,(A) = D?ft;(A) ~ C ®z DK%,
DrH;ed(A) ~ Dr}:[;k,red(A) ~C Rz D]Css,*,red.
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Bar-involution

@ The bar-involution on the Laurent polynomial ring Z is defined to be
the Z-linear isomorphism interchanging v and v—!, denoted by

((v) =),

@ The bar-involution on K®° is induced by the Verdier dual DD, denoted
by [L] = [DL], which is compatible with the Z-module structure and
the bar-involution on Z.

@ The bar-involution on K®%* is induced by the bar-involutions on Z
and K*%, that is, for any f € K*%* & € %%, we have

f(z) = f(@).

o Weset ||¢/,e"|| = |e/,e¢"| + |, €] for any ¢/, ¢” € NI x NI.

(a) For any x € K**, if r(x) = ) x1 ® xa, where x1, x5 are homogeneous
of degree |x1|, |x2|, we have r(z) = 3 v lllzll2llz; @ Z7.
(b) Dually, for any y1,y2 € K** which are homogeneous of degree

, we have 71 %, g3 = vllvble2lliyg . g7,

|y1|7 |y2
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Bases of K% and K%%*

Lemma

(a) The Z-basis I of K% is bar-invariant and has positivity.
(b) Dually, the Z-basis T* of K*%* is bar-invariant and has positivity.
More precisely, we have Iy, = IM.,E = I},., and if

r() = Y Giv @) Da ® Iy, Tig, 4 I, = ZﬁM.,N.
Me,Ne

then CZ%/I.., (v), §M.N.( v) € N[v,v~1]. Moreover, we have

gM'N-( v) = CL'.N.(U) = U_HQM"QN'llQ%r:M.(U_l).
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Free module structure

o We define T4 to be the Z-subalgebra of DI ed generated by
*

I}*(Pi7 K, for i € I, which is a commutative algebra. Then the

multiplication x,. : 77 x DiCss*red _ picssred defines a
Tred_module structure on DICss*red

@ An object My = (M*, M°,d"',d°) € Co(P) is said to be radical, if
Imd’ C radM’*!. We define the subset

gerad {13, € T"| M, is radical} C I*.

The T -module DK5**°d js free with a basis Z**24 \
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Basis of DI ss*red

Lemma

For any oo € K(A), it can be written as & = P — Q) for some P,Q € P,
and there is a well-defined element

Tx Tk _7* T ed
Io = Ikpory = Ikp *r Iy € T

Moreover, T is isomorphic to the torus Z[K(A)|, and it has a Z-basis

Trred = (o € K(A)}.

Theorem
The algebra DKC*5**d has a Z-basis

| \

i*,red % I*,rad _ {f; * I]Ti. |I~; c i*,red’ IX/I. c l—*,rad }
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Comparison with Lusztig's categorification

@ There are algebra isomorphisms
red = 7x,red = ss,%,red
DH,(A) = DH™(A) — C2z DK

amupg,) = Lo, & xX(1o,,)

@ Similarly, by using of Lusztig's restriction functor
V"), there are algebra isomorphisms

Resy, 2> e i 1O e vivs
tw = g7xred = —+,%

Hy'(A) = H(A) = Crz K

apupg = 1o, = X (1o,
where KT* = @, Homz (K}, Z) is the graded dual of K.
@ Bridgeland prove that there is an injective algebra homomorphism
tw red
Hy ' (A) = DH(A)
aprupn = By = véP’M>b_p * (acy Uey))-

34 /37
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Comparison with (dual) canonical basis

@ Hence there is an injective algebra homomorphism
oS Coz K" = Coz DL,

@ The canonical basis of K is the Z-basis B, = {I/|Oy C E, },

where Iy is the image of IC(OM,@z)(dlmOM) Let
= {I;;|Oyn C E,} C K** be the dual basis of B, and

= |85

@ For any M € A, it can be decomposed as M = My & ...M,, such that
Exth(MS,Mt) =0forany s <t. Let 0 » P;s = Qs — My — 0 be
the minimal projective resolution of M.

With the same notations as above, we have

(I)(-Ii-(l ® v_dimOMI}'\}) —1®uv —(B P+ Y1 (B0 >I_ *p [E,M'
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Comparison with (dual) canonical basis

e By the Hall polynomials for A and C2(P), there are the generic
algebras H'W(A) and DH'$(A), which are Z-algebras.

@ There are Z-algebra isomorphisms
M3 (A) = KH*, DHIS(A) = DI,
and there is an injective Z-algebra homomorphism
B ICH s DICssHred
such that

(om0 px y — =PRI+ T 40 (PQs)

*
(b 2 _ﬁ*TICM,

v

and so @,2(B*) C Z*™d «,. 7514 yp to powers of v.
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Thank you!
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