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Representation finite algebra

A finite dimensional algebra over a field k

Theorem [Kerner—-Skowronski 1991, Bongartz, Auslander]

A is representation finite <~ rad® (A-mod) =0
= All morphisms can be constructed from the irreducible ones

Theorem [Butler 1981, Auslander 1984]

the relations in Ky(A-mod) are

A is representation finite <= generated by the AR-sequences

= Can the other short exact sequences be constructed from the AR-sequences?
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Approximating short exact sequences: An example

2
0= ¥\ and A=kQ/(ba)
1T—3

1 1 0
0 00 10 10 0 0

Auslander—Reiten quiver of A
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Approximating short exact sequences: An example

2
0= ¥\ and A=kQ/(ba)
1T—3

1 1 0
0 00 10 10 0 0

e «--- 0.

Auslander—Reiten quiver of A
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Approximating short exact sequences: An example

2
0= ¥\ and A=kQ/(ba)
1T—3

0 1 1 0 0 0N N
00 10 10 0 ... 2 .. ___0
01 11 10
J N SN
A
|; /N \

Auslander—Reiten quiver of A
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Approximating short exact sequences: An example

2
0= ¥\ and A=kQ/(ba)
1T—3

0 1 1 0 0 SN N
00 10 10 0 ... 2 ..___ 0
01 11 10
N NS
NN
0 e 11%10 10 0 é____ 0. é____
2 Auslander—Reiten quiver of A
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Approximating short exact sequences: An example

2
0= ¥\ and A=kQ/(ba)
1T—3

0 1 1 0 0

SN N
o0 < qh e %
NSNS
JARAR

Auslander—Reiten quiver of A
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A problem: The Yoneda product and AR-sequences

Let M be a basic additive generator for A-mod
= Ext} (M,M) encodes all exact sequences in A-mod
= Products of s.e.s. with morphisms are computed via pushout/pullback

n: 0 X Y X 0
rad(X,X")> f ‘
|_
fr 0——x’ y’ X——0
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A problem: The Yoneda product and AR-sequences

Let M be a basic additive generator for A-mod
= Ext} (M,M) encodes all exact sequences in A-mod
= Products of s.e.s. with morphisms are computed via pushout/pullback

n: O X source Y T—X O
rad(X,X")> f //// ‘
k// |_
fr 0——x’ y’ X——0
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A problem: The Yoneda product and AR-sequences

Let M be a basic additive generator for A-mod
= Ext} (M,M) encodes all exact sequences in A-mod
= Products of s.e.s. with morphisms are computed via pushout/pullback

O: O X source Y T_X O
rad(X,X)> f //// ‘
k// |_
O=fp  0——x! % —X——0

~

sphﬁmq

The AR sequences together with the irreducible morphisms do not generate
Ext, (M,M) as graded algebra in general
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Change of perspective

Let P* be a projective resolution of M
* dg endomorphism algebra Somj (P*,P*)
> in degree r € Z have (f": P" — P™')__,, no
comparability to the differential
> differential of degree r morphisms f is given by

d(f):=dpof—(—1)fod,

* Ext}(M,M) = H*(Aom’, (P*,P*))
¢ Not necessarily quasi isomorphic as dg algebras

Homotopy Transfer Theorem [Kadeishvili 1982]

The cohomology of a dg algebra carries an induced A, -algebra
structure A__-quasi isomorphic to the original dg algebra
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Higher multiplications in A __-algebras

An A_,-algebra is a dg vector space £ =] ] £
with differential d': ' — E'*' equipped with

yn:E®n—>E, 2<neN

with Jd(u,) a coherence of lower multiplications.

® u,of degree 2—n
d(uy) =0, i.e. u, satisfies graded Leibniz rule
A (u3) = ur(1® uy — 4y ® 1) (non-)associativity
J(uy) is "boundary of the associahedron K, "
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Towards a solution

Consider the following pushout diagram in A-mod.

t. 0

s 0
Furthermore, let r € Ext (Y’,X) represent 0 > X > X' @Y — Y’ - 0.

Proposition [T.]

In any minimal model of #omj (P*,P*) there exist f € Hom,(Z,Y”) and g € Hom, (X’ X) s.t.

ps(rj's) = ua(9, 5) = pp(r, 1)
is the class of the original short exact sequence t.

Proof idea: A, -triangles as per [Kontsevich]
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Main result

Let A be a representation finite f.d. algebra with M a basic additive generator of
A-mod which has projective resolution P°.

Theorem [T.]

Let £ be a minimal model of S#om} (P®,P*), i.e. E = H*(Aom}(P*,P*)) = Exty (M,M).
gr vsp
Then the smallest A, -subalgebra E of £ containing
e the automorphisms of each indecomposable direct summand of M,
e the irreducible morphisms between indecomposable direct summands of M and
* representatives of each Auslander—Reiten sequence in A-mod

will already contain Ext}&(M,/\//). In particular, E=E.
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Another example: linearly oriented A,

12«3« - «—N—=-1T«N

= Have to compute Som; (P,.P,)
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I\,
/\\//\\
/\\//\\//\\
/\\//\\//\\//\\
/\\//\\//\\//\\//\\
/\\//\\//\\//\\//\\//\\
INININININSNAN




Another example: linearly oriented A,

Homotopy Transfer Theorem

/ \\ H.igher‘multi.plicatiqns are given _by _

"inverting differential after multiplying”
/ \\// \\
NN ,,3< . )
/ \\// \\// \\// \\
VAV AV AVWANAN :a—< \> T a—(\ >
/\\//\\//\\//\\//\\//\\
INININANININSN, = S S
T S S O Y S A D2 N /

5 encodes pasting of bicartesian
squares for rep. directed algebras
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A, -triangles

1:1
{s.e.s. in A-mod } — {exact functors S: rep(A,) — A—mod}
Following this idea, we can write accoding to [Kontsevich]

{Aoo -triangles in (A-mod ), } N {AOO -functors T: (rep(A;)), — (A-mod), }

Proposition

Any A -triangle gives rise to long exact sequences via Hom, (X,—) and Hom, (—,Y).
Furthermore, lifts in these sequences can be computed via an explicit formula.

The s.e.s. in rep(A,) give a "3-way

11
Key ingredient: isomorphism” in (rep(A,)), , O/ \01
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Future research

e |s this a characterisation of finite
representation type?

* Generalize to algebraic
extriangulated categories with
rad® =0

/

m}u:w; ﬁ
Y/ .
A /N

e Use generative properties of the
AR-sequences to better describe
the A, -structure of Ext} (M,M)

* Generalize to higher
Auslander—Reiten theory with
A -d-angles

J. Thomm AR-sequences in minimal A__-structures A-mod



[LUNDS

UNIVERSITET



References |

[Aus74] Maurice Auslander. “Representation Theory of Artin Algebras II”. In:
Communications in Algebra 1.4 (Jan. 1, 1974), pp. 269-310. ISSN:
0092-7872. DOI: 10.1080/00927877409412807.

"

[Aus84] Maurice Auslander. “Relations for Grothendieck Groups of Artin Algebras”.
In: Proceedings of the American Mathematical Society 91.3 (1984),
pp. 336-340. ISSN: 0002-9939. DOI: 10.2307/2045297. JSTOR: 2045297.

[But81] M. C. R. Butler. “Grothendieck Groups and Almost Split Sequences”. In:
Integral Representations and Applications. Ed. by Klaus W. Roggenkamp.
Lecture Notes in Mathematics. Berlin, Heidelberg: Springer, 1981,
pp. 357-368. ISBN: 978-3-540-38789-3. DOI: 10.1007/BFb0092505.

J. Thomm AR-sequences in minimal A__-structures A-mod 11


https://doi.org/10.1080/00927877409412807
https://doi.org/10.2307/2045297
http://www.jstor.org/stable/2045297
https://doi.org/10.1007/BFb0092505

References 11

[Kad82] T. V. Kadeishvili. “The Algebraic Structure in the Homology of an
A(oo)-Algebra”. In: Soobshcheniya Akademii Nauk Gruzinsko\u 1 SSR 108.2
(1982), 249-252 (1983). ISSN: 0132-1447.

[Kel01]  Bernhard Keller. “Introduction to A-Infinity Algebras and Modules”. In:
Homology, Homotopy and Applications 3.1 (Jan. 2001), pp. 1-35. ISSN:
1532-0073, 1532-0081.

[Kel06]  Bernhard Keller. “A-Infinity Algebras, Modules and Functor Categories”. In:
Trends in Representation Theory of Algebras and Related Topics. Vol. 406.
Contemp. Math. Amer. Math. Soc., Providence, RI, 2006, pp. 67-93. DOI:
10.1090/conm/406/07654.

J. Thomm AR-sequences in minimal A__-structures A-mod 12


https://doi.org/10.1090/conm/406/07654

References 111

[KS91]

[LefO3]

[Mar06]

Otto Kerner and Andrzej Skowronski. “On Module Categories with
Nilpotent Infinite Radical”. In: Compositio Mathematica 77.3 (1991),
pp. 313-333. ISSN: 1570-5846.

Kenji Lefevre-Hasegawa. Sur Les A-infini Catégories. Oct. 21, 2003. DOI:

10.48550/arXiv.math/0310337. arXiv: math/0310337. preprint.

Martin Markl. “Transferring A, (Strongly Homotopy Associative)
Structures”. In: Proceedings of the 25th Winter School “"Geometry and
Physics” (2006), pp. 139-151. URL: https://eudml.org/doc/221674.

J. Thomm

AR-sequences in minimal A__-structures A-mod


https://doi.org/10.48550/arXiv.math/0310337
https://arxiv.org/abs/math/0310337
https://eudml.org/doc/221674

Details on the Homotopy Transfer Theorem

h The Ext-algebra Ext},(M,M) of any A-module M carries an
Q A,.-algebra structure induced by the dg algebra om} (P*,P*),
P* a projective resolution of M. Recursively define

Hom (P*,P?)

n—1
[ < >ﬂ pp = > (=1 "mo (hup ®@hu;,_,)

k=1
Ext, (M, M) for 2<neN with h,u’1 :=id.Then, the higher multiplications
mi—id are given by
dh)=r—id Up=mounol®.
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