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Generalized quantum cluster algebra

Bai, Chen, Ding, and Xu introduce the generalized quantum cluster algebras,
which is a generalization of quantum cluster algebras and also a q-deformation of
a very special case of generalized cluster algebras.

A compatible pair (B̃,Λ) consists of an integer m× n-matrix B̃ and a
skew-symmetric integer m×m-matrix Λ such that

B̃TΛ = [D 0],

where D = diag{d−1
1 , . . . , d−1

n } is a diagonal n× n matrix whose diagonal
coefficients are positive integers.
The quantum torus TΛ associated with Λ is the Z[q± 1

2 ]-algebra generated by
the distinguished Z[q± 1

2 ]-basis {X(α)|α ∈ Zm} with multiplication given by

X(α)X(β) = q
1
2α

TΛβX(α+ β)

for any α, β ∈ Zm. Let FΛ be skew field of fractions of TΛ.
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The mutation data (R, h), where R = diag{r1, · · · , rn} is a diagonal n × n
matrix whose diagonal coefficients are positive integers and h = (h1; · · · ;hn),
hk := {hk,0(q

1
2 ), hk,1(q

1
2 ), ..., hk,rk(q

1
2 )}, where hk,i(q

1
2 ) ∈ Z[q± 1

2 ] satisfying
hk,i(q

1
2 ) = hk,rk−i

(q
1
2 ) and hk,0(q

1
2 ) = hk,rk(q

1
2 ) = 1.

A (R, h)-quantum seed is a triple Σ = (X, B̃,Λ), where (B̃,Λ) is a
compatible pair and X = (X1, . . . , Xm) is an m-tuple of elements of FΛ such
that

X1, . . . , Xm generated FΛ over Q(q
1
2 );

XiXj = qλijXjXi, where Λ = (λij)

We define X(α) := q
1
2

∑
i<j λijXa1

1 · · ·Xam
m , where α = (a1, . . . , am)T ∈ Zm.
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Let k ∈ [1, n] := {1, 2, · · · , n}.

EB̃R
k,ε :=



1 0 · · · [−εb1krk]+ · · · 0
0 1 · · · [−εb2krk]+ · · · 0

...
0 0 · · · −1 · · · 0

...
0 0 · · · [−εbm−1krk]+ · · · 0
0 0 · · · [−εbmkrk]+ · · · 1


,

FRB̃
k,ε :=



1 0 · · · 0 · · · 0
0 1 · · · 0 · · · 0

...
[εrkbk1]+ [εrkbk2]+ · · · −1 · · · [εrkbkn]+

...
0 0 · · · 0 · · · 0
0 0 · · · 0 · · · 1


where ε ∈ {1,−1} and B̃ = (bij).
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The mutation µk in direction k transforms the compatible pair (B̃,Λ) into
µk(B̃, Λ) := (B̃′,Λ′), where

B̃′ = EB̃R
k,ε B̃F

RB̃
k,ε , Λ

′ = (EB̃R
k,ε )

TΛEB̃R
k,ε �

transforms the quantum cluster X = (X1, · · · , Xm) into
µk(X) = X′ = (X ′

1, . . . , X
′
m) is given by

X ′
i := X′(ei) =

X(ei) if i 6= k;
rk∑
s=0

hk,s(q
1
2 )X(s[εbk]+ + (rk − s)[−εbk]+ − ei) if i = k,

where bk is the k-th column vector of B̃ and ε ∈ {±1}, e1, · · · , em is the
standard basis of Zm. In fact, µk is an isomorphism FΛ → FΛ′ . Moreover
the mutation µk is an involution. And (X′, B̃′,Λ′) is also a A
(R, h)-quantum seed in FΛ′ .
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Let Tn be a n-regular tree. Fix a root vertex t0 ∈ Tn, Σt0 = (X, B̃,Λ) the
initial (R, h)-quantum seed. We assign each vertex t ∈ Tn an
(R, h)-quantum seed Σt which can be obtained from Σt0 by iterated
mutations such that if t

k
t′ , then Σt′ = µk(Σt). We call such an

assignment t→ Σt an (R, h)-quantum seed pattern.

For each vertex t, we refer to Xt = (X1;t, · · · , Xm;t) a quantum cluster,
Xi;t(1 ≤ i ≤ n) quantum cluster variables and Xn+i;t(1 ≤ i ≤ m−n)
coefficients.
Let Xq := {Xi;t|1≤i≤n}, the (R, h)-quantum cluster algebra Aq(Σt0) is the
Z[q± 1

2 ][X±1
n+1, ..., X

±1
m ] subalgebra of Fq := FΛt0

generated by elements of
Xq.
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Laurent phenomenon

Bai, Chen, Ding, and Xu prove the Laurent phenomenon for Generalized
quantum cluster algebras.

Theorem 1.1
Let Tn be a n-regular tree. We refer to the vertex t0 ∈ Tn, Σt0 = (X, B̃,Λ) the
initial (R, h)-quantum seed. Then, we have

Xi,t ∈ Z[q±
1
2 ][X±1

1 , · · · , X±1
m ],

for all i ∈ [1,m] and t ∈ Tn.

Moreover The F -polynomial and separation formula for cluster algebras have
played key roles not only in the structure theory of cluster algebras but also in
the categorification of cluster algebras.
We aim to prove the existence of F -polynomial and establish the separation
formula for generalized quantum cluster algebras. Moreover we will give a
computing method for F -polynomial using c-vectors and g-vectors.
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Fock-Goncharov decomposition
We extend the Fock-Goncharov decomposition of quantum cluster algebras to
generalized quantum cluster algebras.

Notation:
For the edge t

k
t′ in Tn. The mutation µk in direction k yields a

unique Z[q± 1
2 ]-algebra isomorphism µk;t : FΛt′

→ FΛt
such that

µk;t(Xt′(ei)) =

Xt(ei) if i 6= k;
rk∑
s=0

hk,s(q
1
2 )Xt(s[εbk]+ + (rk − s)[−εbk]+ − ei) if i = k.

(

rk∑
s=0

hk,s(q
1
2 )(q

b
2 z)s){a} :=



a∏
i=1

(
rk∑
s=0

hk,s(q
1
2 )(q

b(2i−1)
2 z)s) if a > 0;

1 if a = 0;
−1∏
i=a

(
rk∑
s=0

hk,s(q
1
2 )(q

b(2i+1)
2 z)s)−1 if a < 0.

Ŷt(α) := Xt(B̃tα), α ∈ Zn. We also denote Ŷk;t := Ŷt(fk), k ∈ [1, n], where
f1, · · · , fn is the standard basis of Zn.
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For edge t
k

t′ in Tn and k ∈ [1, n], we have two types of Z[q± 1
2 ]-algebras

isomorphisms.:

ψk;t(Ŷα
t ) : FΛt

→ FΛt

Xt(β) 7→ Xt(β)(

rk∑
s=0

hk,s(q
1
2 )(q

1
2dk Ŷα

t )
s)−{dk(β̄,α)D},

where β̄ is the first n entries of β ∈ Zm, α ∈ Zn.

ϕk;t;ε : FΛ
t
′ → FΛt

Xt′(α) 7→ Xt(E
B̃tR
k,ε α)

Proposition 2.1

For an edge t
k

t′ in Tn and ε ∈ {±1}, we have

µk;t = ψk;t(Ŷε
k;t)

ε ◦ ϕk;t;ε.
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C-matrices Ct = (cij;t):
Ct0 = In;
If t

k
t′ ∈ Tn, then

cij:t′ =

{
−cij;t if j = k;

cij;t + rk(cik;t[εbkj;t]+ + [−εcik;t]+bkj;t) if j ̸= k;

G-matrices G̃t = (g̃1;t, · · · , g̃m;t):
Gt0 = Im;
If t

k
t′ ∈ Tn, then

g̃i;t′ =

g̃i;t if i ̸= k;

−g̃k;t + rk(
m∑

j=1

[−bjk;t]+g̃j;t −
n∑

j=1

[−cjk;t]+bj;t0) if i = k.
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The following identities hold for G- and C-matrices:

cTi;t[D 0]g̃j;t = (ci;t, gj;t)D = d−1
i δij , for i, j ∈ [1, n], t ∈ Tn,

G̃tB̃t = B̃t0Ct.

And they are the key to proving the Proposition 2.2.

For each t ∈ Tn, we have a
path in Tn i : t0

i1
t1

i2
t2

i3 · · · ik
tk = t ,

subpath in Tn ij : t0
i1

t1
i2

t2
i3 · · ·

ij
tj , for j ∈ [1, k].

εj := the common sign of components of cij ;tj−1
and c+j := εjcij ;tj−1

for
j ∈ [1, k].
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Now define

µt0
tk

:= µi1;t0 ◦ µi2;t1 ◦ · · ·µik;tk−1
: FΛtk

→ FΛt0
.

For each j ∈ [1, k], we also set

ψ(ij) :=ψi1;t0(Ŷ
c+1
t0 )

ε1 ◦ ψi2;t0(Ŷ
c+2
t0 )

ε2 ◦ · · · ◦ ψij ;t0(Ŷ
c+j
t0 )

εj : FΛt0
→ FΛt0

ϕt0tj :=ϕi1;t0;ε1 ◦ ϕi2;t1;ε2 ◦ · · · ◦ ϕij ;tj−1;εj : FΛtj
→ FΛt0

.

Proposition 2.2
Keep the notation as above, we have

µt0
tk

= ψ(i) ◦ ϕt0tk : FΛtk
→ FΛt0

.

Key:ϕt0tj ◦ ψij+1;tj (Ŷ
εj+1

ij+1;tj
)εj+1 = ψij+1;t0(Ŷ

c+j+1

t0 )εj+1 ◦ ϕt0tj .
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εj+1

ij+1;tj
)εj+1 = ψij+1;t0(Ŷ
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Notation
For simplicity of notation, we also denote by d(j) = dij , r(j) = rij , cj = cij ;tj−1

,
c+j = εjcj , ĉ+j = Bc+j , g̃j = g̃ij ;tj

, gj = g̃j .
We first define a set of elements {Li,j | i, j ∈ [1, k]} of FΛt0

by the initial
condition

L1,i := Ŷc+i
t0 (

r(1)∑
s=0

hi1,s(q
1
2 )(q

1
2d(1) Ŷc+1

t0 )
s)−ε1{(d(1)c+1 ,ĉ+i )D} for i ∈ [1, k]

with recurrence relations: for j ∈ [1, n],

Lj+1,i = Lj,i(

r(j+1)∑
s=0

hij+1,s(q
1
2 )(q

1
2d(j+1) Lj,j+1)

s)−εj+1{(d(j+1)c+j+1,ĉ
+
i )D}.

Then set

L1 =

r(1)∑
s=0

hi1,s(q
1
2 )(q

1
2d(1) Ŷc+1

t0 )
s,

Lj+1 =

r(j+1)∑
s=0

hij+1,s(q
1
2 )(q

1
2d(j+1) Lj,j+1)

s, j ∈ [1, k − 1].
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Calculating Xt0(−g̃k)µ
t0
tk
(Xik;tk), we have that

Xt0(−g̃k)µ
t0
tk
(Xik;tk) =Xt0(−g̃k)ψ(i1)(Xt0(g̃k))ψ(i1)( ˜Xt0(−gk))ψ(i2)(Xt0(g̃k))

· · ·ψ(ik−1)(Xt0(−g̃k))ψ(ik)(Xt0(g̃k))

=L
−ε1{(gk,d(1)c+1 )D}
1 L

−ε2{(gk,d(2)c+2 )D}
2 · · ·L−εk{(gk,d(k)c+k )D}

k .

Lemma 3.1
Keep the notation as above. We have

Xt0(−g̃k)µ
t0
tk
(Xik;tk) =

−→∏
j∈[1,k]

L
−εj{d(j)(c+j ,gk)D}
j .
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Remark 3.2
The above Product as a rational polynomial in Ŷt0 only depends on the principal
part of the exchange matrix B̃.

Definition 3.3
The element Fik,tk :=

−→∏
j∈[1,k]

L
−εj{d(j)(c+j ,gk)D}
j is called the F -polynomial of

Xtk(eik) whenever Fik;tk is a polynomial.

Theorem 3.4
(1) The element Fik;tk is a Laurent polynomial in Ŷ1;t0 , . . . , Ŷn;t0 .
(2) Suppose that hi,s(1) > 0 for each i ∈ [1, n] and s ∈ [1, ri − 1], then Fik;tk is

a polynomial in Ŷ1;t0 , . . . , Ŷn;t0 .
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We give a brief proof for Theorem 3.4: Observing the definition of
Li, i ∈ [1, k], there are two polynomials A(Ŷ1;t0 , . . . , Ŷn;t0), P (Ŷ1;t0 , . . . , Ŷn;t0)

with coefficients in N[q± 1
2 ] for hi,s(q

1
2 ), 1 ≤ i ≤ n, 1 ≤ s ≤ ri (as variables) and

Ŷ1;t0 , . . . , Ŷn;t0 satisfying the following equation

Fik;tk(Ŷ1;t0 , . . . , Ŷn;t0) = A(Ŷ1;t0 , . . . , Ŷn;t0)P (Ŷ1;t0 , . . . , Ŷn;t0)
−1.

Then using Newton polytope for Laurent polynomials in X1;t0 , · · · ,X2n;t0 of this
equation. We will get that Fik;tk(Ŷ1;t0 , . . . , Ŷn;t0) also is a Laurent polynomial in
Ŷ1;t0 , · · · , Ŷn;t0 . Moreover in a mild condition hi,s(1) > 0 for i ∈ [1, n] and
s ∈ [1, ri − 1]. Setting q 1

2 = 1 does not shrink New(Fik;tk(Ŷ1;t0 , . . . , Ŷn;t0)).

New(Fik;tk(Ŷ1;t0 , . . . , Ŷn;t0)) =New(Fik;tk(Ŷ1;t0 , . . . , Ŷn;t0)|q 1
2 =1

)

=New(Fik;tk(ŷ, z)|zi,s=hi,s(1),i∈[1,n],s∈[1,ri−1]),

where Fik;tk(y, z) is the F -polynomial of the cluster variable xik;tk of the
corresponding generalized cluster algebra with principal coefficients. Thus
New(Fik;tk(Ŷ1;t0 , . . . , Ŷn;t0)) does not contain any points with negative
coordinates. It follows that Fik;tk(Ŷ1;t0 , . . . , Ŷn;t0) is a polynomial in
Ŷ1;t0 , . . . , Ŷn;t0 .
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Theorem 3.5 (Separation formula)
Suppose that hi,s(1) > 0 for each i ∈ [1, n] and s ∈ [1, ri − 1]. For each i ∈ [1, n]
and t ∈ Tn, let Fi;t[Z1, . . . , Zn] be the associated F -polynomial of Xi;t and g̃i;t

the g-vector of Xi;t. We have

Xi;t = Xt0(g̃i;t)Fi;t(Ŷ1;t0 , . . . , Ŷn;t0).

Remark 3.6
We call the equation Fik,tk :=

−→∏
j∈[1,k]

L
−εj{d(j)(c+j ,gk)D}
j Gupta’s formula for

F -polynomials of generalized quantum cluster algebras. When R = In, it
specializes to Gupta’s formula for quantum cluster algebras.
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Thanks for your attention!
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