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© Tachikawa’s Second Conjecture

© Recollements of (relative) stable categories



Joint work with Changchang Xi (CNU).

In the talk:
A: Artin algebra (e.g. finite-dim. k-algebra over a field k);

A-mod: the category of finitely generated (left) A-modules;
D: the usual duality over A-mod (e.g. D = Hom x(—, k));
D(A): usual duality A-A-bimodule.
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(NC) Nakayama Conjecture [Nakayama, 1958]:

If A has infinite dominant dimension = A: self-injective
Dominant dimension of A:

domdim(A) := sup{n | I/ : projective V0 < j < n}

where 0 5 4A - 10 > ' —» ... 5 "1 5 v — .
minimal injective coresolution.

- is a
A is self-injective if projectives = injectives.



Morita-Tachikawa; Mueller(1968):

Theorem

Let A be an algebra. Then domdim(A) = co <= A = End 4(M),
where M € A-mod:

e generator (i.e. A € add (M));
o cogenerator (i.e. D(Aa) € add (M));
e self-orthogonal (i.e. Exts (M, M) =0 for anyn >1).




(TC1) Tachikawa’s First Conjecture [Tachikawa, 1973]:
If Exti(D(A),A) =0 Vn>1= A: self-injective.

In (TC1), the A-module A @ D(A) is self-orthogonal.

(TC2) Tachikawa’s Second Conjecture [Tachikawa, 1973]:
Let A be self-injective and M € A-mod.
If 4M is self-orthogonal = M: projective.

(NC) holds for all algebras < (TC1)+(TC2) hold for all algebras.




Let A be self-injective and M € A-mod.
If 4 M is self-orthogonal — M: projective.

In (TC2), we can assume M is a generator (e.g. AM = A® M).

The pair (A, M) satisfies (TC2) < End 4(M) satisfies (NC).

(TC2) holds for (A, M) where 4M is arbitrary, but A is

o symmetric alg. /local self-injective alg. with radical® = 0 [Hoshino,
1984];

@ group alg. of a finite group [Schulz, 1986];
o self-injective alg. of finite represent. type [Schulz, 1986].



Understand (TC2) via the exploration of homological properties
of self-orthogonal modules over self-injective algebras.

e Provide equivalent characterizations of (TC2).

@ Introduce two new homological conditions.

o Introduce Gorenstein-Morita algebras.

o Gorenstein-Morita algebras satisfy Nakayama Conjecture.




A: arbitrary self-injective algebra (i.e. Projectives = Injectives);
A-Mod: the cat. of (left) A-modules;

Nakayama functor: vy = 4D(A) ®4 — : A-Mod —3 A-Mod.
M € A-mod: generator;

add (4M) (resp., Add (4M)): direct summands of finite (resp.,
arbitrary) direct sums of copies of M;

A-Proj: the cat. of projective A-modules.

AM is Nakayama-stable if add (4 M) = add (va(M)).

(1) If A: symmetric algebra (i.e. D(A) ~ 4Ay4), then vy ~Id.
(2) DHom 4(M,—) ~ Hom 4 (—,va(M)[—1]) by the Auslander-Reiten formula.

[m] [ = =
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>0 .= {X € A-Mod | Ext’y(X, M) = 0,Vn > 0};
ML>0 .= {X € A-Mod | Ext’{ (M, X) = 0,Vn > 0};

@ = 1>0p1 N MJ‘>O;

@fin .— 4 N A-mod;

li_r)n%ﬁn: filtered colimits in A-Mod of modules from ¢fin.

If M = A, then ¢fi" = A-mod and ¥ = A-Mod = gngﬁn.
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Definition

The M-stable category A-Mod/[M] of A-Mod:
Objects: A-modules;

Morphisms: V X, Y € A-Mod,

Add (

M).

HOJM(X7Y) = HomA(va)/M(X7Y)

where M(X,Y) consists of homos. factorizing through objects in

A-Mod/[A] = A-Mod (stable module category of A)




Definition

A module Y over an Artin algebra B is Gorenstein projective
if 3 exact complex of projective B-modules

P o p 2 _spt_p0 fpl_ p2_ .

s.t. Im (d°) =Y and the complex Hom %(P*, B) is ezact.

Notation: B-GProj (resp., B-Gproj): the cat. of (resp., finitely
generated) Gorenstein-projective B-modules.

B-GProj is a triangulated category!
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%: additive category with set-indexed coproducts.

An object X € € is compact if Home(X,—) : € — Z-Mod
commutes with coproducts.

€°: the subcat. of C consisting of compact objects.

For example, A-Mod® = A-mod and B-Gproj C B-GProj°




@ .= L>001 0 MA>0 and 90 .= @ N A-mod.

Proposition

If AM: self-orthogonal (i.e. M € +>OM)

—

(1) ¥ (resp., 41" ) is a Frobenius category. Its full subcategory
of projective-injective objects equals Add (M) (resp., add (M)).
(2) Let A :=End 4(M).

_—

Hom 4 (M, —) : A-Mod — A-Mod induces triangle equivalences

& /[M] = A-GProj and ¢%/[M] =5 A-Gproj.




Let 4 M: self-orthogonal generator.

Definition

(1) An A-module X is M-compact if it is a compact object in

(2) An A-module X is M-filtered if it has a countable filtration
in A-Mod

0=XoCX; CXoC---CX,C---CX

such that X = ;"o Xpn and Xp11/Xy, is isomorphic to a finite
direct sum of A-modules in the set {4A} U{Q,"(M) | i€ N}.

@ VX e¥hin.—9n A-mod is M-compact.

@ A-compact modules = A-mod (up to stable equivalence);
A-filtered modules are projective.



Definition

C: additive category, B: full subcat. of C.

left B-approximation of X if

A morphism f : X — B (or the object B) in C is called a minimal
e BeB,

e Home(f, B') : Hom¢ (B, B") — Hom¢(X, B') is surjective
VB € B,

e g € End¢(B) is an isomorphism whenever f = fg.




Assumptions:

A: self-injective Artin algebra,

M: self-orthogonal, Nakayama-stable generator for A-mod.
Let

Q4 (M) — W: minimal left ¢-approximation of 2, (M),
M = {X € A-mod | M-resdim(X) < oo}.

Definition

M-resdim(X) < co < 3 exact sequence in A-mod

0—M, — - — M — My— X —0

with M; € add (M) for 0 <i < n.

Remk: .7 C 9+>9 C W+ and li_r>ngﬁ“ cy9.

[m] [ = =




The same assumptions:

A: self-injective Artin algebra,

M: self-orthogonal, Nakayama-stable generator for A-mod.

Theorem

The following statements are equivalent:
1) aM is projective (i.e. TC2 holds for (A, M)).
9 = h_r)n%ﬁn.

)
)
) W e li_n}gﬁ“.
)

Any M -compact and M -filtered A-module lies in Add (M

).




Remark

In the theorem:
@ (2) holds < End 4(M) is virtually Gorenstein.
o Any finitely generated, M-compact and M-filtered A-module

lies in add (M). But (3) asks for the situation of countably
generated modules.

e (4) and (5) hold if W is the direct sum of finitely generated
A-modules (i.e. W is pure-projective).

v

Definition (Beligiannis, 2005)

B is virtually Gorenstein if B-GProj>? = +>0B-GInj.

B-GlInj: the cat. of Gorenstein-injective B-modules.



2<>°(B) :={Y € B-mod | proj.dim (Y) < oo}
fin.dim (B) := sup{proj.dim (Y) | Y € 22<°(B)}.

Finitistic Dimension Conjecture (FDC) [Rosenberg, Zelin-
sky; Bass, 1960]:  V Artin algebra B, fin.dim (B) < cc.

For a given algebra, (FDC) = (NC).

P<>*(B) N B-Gproj = B-proj,

B-Gproj C B-GProj°“.




A generalization of objects in Z2<>°(B):

Definition

A B-module X is compactly filtered if it has a countable filtration
in B-Mod

0=XoCX;CXpC---CX,C---CX

such that X = ;2o Xn and Xpi1/X, € P<2°(B), Yn € N.

A generalization of objects in B-Gproj:

A B-module X is compactly Gorenstein-projective if it is
compact in B-GProj.




Notation:

B-CF: compactly filtered B-modules.

B-Proj,,: countably generated projective B-modules.
B-GProj°: compactly Gorenstein-projective B-modules.
B-GProj,,: countably generated Gorenstein-projective B-modules.

(HC1): Ext3°(B-GProj,,, @,cy M;) = 0 for all M; € 2<>°(B).

(HC2): B-CF N B-GProj° = B-Proj,,.

Remk: &#2<°°(B) C B-GProj;>".
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Lemma

(1

fin.dim (B) < co = (HC1) = (HC2).
(2
(
(

)
) B-GProj*>% C B-Mod: closed under direct sums —> (HC1).
3) If B is virtually Gorenstein, then (HC1) holds.

4) (HC2) is preserved under

o derived equivalences,
o stable equivalences of Morita type,

o certain singular equivalences of Morita type with level.
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An algebra B is a Gorenstein-Morita algebra if
e B =End 4o(M) where

o A: self-injective algebra;
o M: Nakayama-stable generator for A-mod.

e B satisfies (HC2) : B-CF N B-GProj® = B-Proj,,,.

Example: gendo-symmetric algebras (that is, endomorphism alge-
bras of generators over symmetric algebras, introduced by Ming Fang

and Steffen Koenig in 2011) which are wirtually Gorenstein or have
finite finitistic dimension.




Let B be a Gorenstein-Morita algebra.

If domdim(B) = oo, then B is self-injective.

In particular, any gendo-symmetric, virtually Gorenstein algebra
with infinite dominant dimension is symmetric.
Open questions:

Does (HC1) (resp., (HC2)) hold for all Artin algebras?

A counterexample to (HC1) or (HC2) will lead to a counterexample to (FDC)




Beilinson, Bernstein and Deligne [1982]:
A recollement (%, 2, Z°):

i J
Ny e %
S N
it Jx

e 6 triangle functors;
o 4 adjoint pairs: (i*,4,), (i1,4"), (j1, 7') and (5%, 7,);
o 3 fully faithful functors (pointing to Z, e.g. i);
@ 3 zeros of composition (along the same level, e.g. i*j; = 0);
e 2 triangles: VX € &, 3 triangles in Z:
7' (X) HEEX S () — g (X1,
i (X) X (X) — i (0[]

[m] = =



Assumptions:
A: self-injective Artin algebra;
M self-orthogonal, Nakayama-stable generator for A-mod.

Notation:
I' := End 4(M): the endomorphism algebra of M in A-Mod;

&G = 1>0p1 N MJ_>O;
(% ={X € A-Mod | Hom 4 (M]|n], X) =0,Vn # 0,1})

&:={X €9 | Hom 4,(M, X),Hom 4(M[1], X) € I-mod};
M* :={X € A-Mod | Hom 4(M,X[n]) =0, Yn € Z} C &;
m:9 =9/[A] - ¥ /[M]: the quotient functor.
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A full subcat. U C A-Mod is thick if
o it is closed under direct summands in A-Mod;

oV0— X - Y = Z — 0 exact seq. in A-Mod with two
terms in U, the third term also belongs to U.
Notation:

. the smallest thick subcat. of A-Mod containing M and being
closed under direct sums.

o .#: localizing subcat. of A-Mod containing M.
o If M = A, then .¥ = A-Proj.



3 a recollement of triangulated categories:
S

)4 inc
|  moinc @ Sk T
M — 9 /[M]
~v -~

> (Y N)/[M]

\é/

which restricts to a recollement

VS — T

Mt ——&/[M] (&Nn)/[M].
\_/ \

We construct the above labelled functors explicitly (via the information of End 4 (M))




Proposition

(1) Let X € &N, Then X is M-compact and isomorphic in
A-Mod to an M -filtered module. If X is finitely generated, then
X € add (M).

(2) Let S be the set of iso. classes of simple objects of the heart
of a torsion pair in A-Mod defined by M. Then

(@ n.7)/IM] = (Add (S))5o ",

(@ n2)/IM)* = (£ n.2)/[M] = ().
where S is a finite set and n is the Loewy length of T'.

Remk: 4M is projective & (¥ N.7)/[M] =0 < (&§NY)/[M]=0.



[1] H.X.Chen and C.C.Xi, Homological theory of orthogonal modules,
1-40, arXiv:2208.14712.

[2] H.X.Chen, Ming Fang and C.C.Xi, Tachikawa’s second conjecture,
derived recollements, and gendo-symmetric algebras, arXiv:2211.08037.

Thank you very much!
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