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Preliminaries
Main result

Notations

C is a Krull-Schmidt category.

@ A is a finite-dimensional k-algebra over field k.

For simplicity, we assume that A is basic and k is algebraically closed.

Denote by D = Homg (—, k) the standard duality on A-mod.
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Preliminaries

Main result

Preliminaries

o A pair (i,d) of composable morphisms X —5 ¥ -4 Zin C is said to be exact
if (X, i) is akernel of d, and (Z, d) is a cokernel of i.

@ Let & be a class of exact pairs closed under isomorphisms.

e If (i,d) in &, the morphisms i and d are called an £-inflation and £-deflation,
respectively and the exact pairs in £ are called £-conflations.

@ We call the class £ an exact structure on C and (C, £) an exact category (in
the sense of D. Quillen (1973) or equivalently in the sense of Gabriel and Roiter
(1984)).
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Preliminaries
Main result

The sequence X Ly -4 ZeCiscalled E-sequence if (i,d) € .
An object P € C is called £-projective if for any deflationd : ¥ — Z and
morphism f : P — Z there is g : P — Y such that f = dg.

We say that the exact category (C, £) has enough E-projectives if for all Z € C
there is a deflation d : P — Z with P an £-projective.

An exact category (C, £) is called Frobenius category if (C, £) has enough
E-projectives and enough E-injectives and if moreover the £-projectives
coincide with the £-injectives.
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Preliminaries

Main result

An E-sequence X Iy ¥ % Zis called Auslander-Reiten & -sequence or almost split
E-sequence if if f is a minimal left almost split morphism and g is minimal right
almost split morphism.
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Preliminaries
Main result

@ ( is the stable category of C, i.e., the objects of C are the same as those in C, and
two morphisms &, i’ : X — Y in C are identified provided that & — &’ factors
through a £-projective in C.

o C is a Krull-Schmidt category.
o (is a triangulated category category (D. Happel, 1988).
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Preliminaries

Main result

A triangle X % ¥ % Z 2% TX in C is called an Auslander-Reiten triangle if the
following conditions are satisfied:

(ARI) X, Z are indecomposable.

(AR2) w £ 0.

(AR3) If f : W — Z is not a retraction, then there is f' : W — Y such that vf’ = f
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Frobenius

Theorem (Y. Calderén-Henao, F. Gallego-Olaya and —)

If C has Auslander-Reiten £-sequences, then C has Auslander-Reiten triangles.
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Main result

Theorem (Y. Calderén-Henao, F. Gallego-Olaya, and —)

Assume that C has Auslander-Reiten E-sequences. If X Y575 TXisan
Auslander-Reiten triangle in C with X, Y, Z without direct E-projective summands,
then there is an Auslander-Reiten E-sequence in C, X — Y ® P — Z' with P an
E-projective and his induced triangle is isomorphic to triangle given.
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Section

9 Applications
@ Shapes of Auslander-Reiten triangles in the bounded derived categories
@ A relation between the strong global dimension, complexes of fixed size and
derived category
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Repetitive Algebras

Repetitive algebra A of A as proposed by D. Hughes and J. Waschbiisch (1983).
@ The underlying vector space of repetitive algebra A is given by

~

A = (®iczA) ® (BiczDA)
a = (ai, pi)icz With a; € A, ¢; € DA and almost all a;, p; being zero.
@ The multiplication is defined by

a-b= (ai, pi)iez - (bi, ¥i)iez = (aibi, aix1¥i + @ibi)icz.
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Shapes of Auslander-Reiten triangles in the bounded derived categories

Applications

A relation between the strong global dimension, complexes of fixed size and derived cate

~ fi—1

M le_]wMinl_Hw
N hi—1 h; hiyq

~, , 8i—1 gi

fi are A-homomorphims f; : DA @ M; — My, such that fi;1(1 ® fi) = 0.

fi
DA ®r M; —— My
1®h; hiyy

DA @p M 2> M., ,.
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Applications

@ We denoted by IAX—/rpod the category of finitely generated left modules over the
repetitive algebra A.

We denoted by A-mod the stable category of A-mod.

The category A-mod has almost split sequences (1983 D. Hughes and J.
Waschbiisch).

The category A-mod is a Frobenius, and the category A — mod is triangulated
(1988 D. Happel).
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Corollary (Y. Calderon-Henao, —, and J.A. Veléz-Marulanda, 2023, [2])

Assume that (1) is an Auslander-Reiten triangle in A- mod, such that neither M nor
M’ nor M" has projective direct summands in A-mod. Then there exists an
Auslander-Reiten sequence in A-mod

0 it 5 o ED g g )

such that P is a projective A- module and (2) induces the Auslander-Reiten triangle
(1) Moreover, sz # 0, then Pis indecomposable, M = rad P and M" = P/socP as
A-modules.

UNIVERSIDAD
DE ANTIOQULA

o, Medellin, Colombia Auslander-Reiten tri



Shapes of Auslander-Reiten triangles in the bounded derived

Applications A relation between the strong global dimension, complexes

Shapes of Auslander-Reiten triangles in the bounded derived categories

CP(projA) the category of the complexes over projA.

fi—1 fi
M : e M,;l M,' Mi+1
h lhfl lhi \Lhurl
’ / 8i—1 / 8i /
M i—1 M; i+1

A-mod the category of finitely generated left modules over the repetitive algebra A

~ fi—1 fi

M- o Mi_ | e My~ Mgy~
n hi—1 hi hit1

= " 8i—1 " 8i ’

M ""\WMi—l'\WMi'\A’\;’ R
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Definition

An K—homomorphismiz\ = (hi)iez ‘M = (M, fi)icz — M = (M!, gi)icz:
@ is called smonic (resp. sepic) if all its components h; are split monomorphisms
(resp. split epimorphisms) and
@ s called sirreducible if there is exactly one index vo such that h,, is irreducible
morphism and h; is a split epimorphism for i < vy and a split monomorphism
fori > .
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Applications A relation between the strong global dimension, complexes of fixed size and derived cat

Shapes of the irreducible morphisms

H. Merklen, 2009, [4])

Theorem (—, 2018, [3])

Eetﬁ ‘M= (Mi,fi)icz — M = (M, gi)icz be an irreducible homomorphism in
A-mod. Then one of the following conditions holds:

@ 4 is a smonic morphism;

© /i is a sepic morphism;

© 4 is a sirreducible morphism.
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Shapes of Auslander-Reiten Triangles
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Theorem (Y. Calderon-Henao, —, and JA. Vélez-Marulanda, 2023, [2])

~ h o, B~ B ~ ~

IfM — M’ — M" — T(M) is an Auslander-Reiten triangle in A — mod, then
Qo Ifﬁ is smonic, then E is sepic.
QIf E is sepic, then E is sirreducible.

@ If his sirreducible, then b’ is smonic or sirreducible.

o, Medellin, Colombia Auslander-Reiten tri
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R ed size and derived cate

A relation between the strong global dimension, complexes of fize size and
derived category

The strong global dimension of A is defined as
s.gl.dim(A) = sup {£(X)|X € K’(projA) indecomposable } .

n = s.gl.dim(A) and assume that 1 <7 < oco.
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C,(projA), whose objects are the complexes X with X' = 0if i € {1,...,n},ie,X
is of the form

n

X: 502X 25X 5 =X 55X 505
@ C,(projA) has almost split sequences (R. Bautista, M.J. Souto-Salorio, and Rita
Zuazua, 2005).

o The Auslander-Reiten quiver of C,(projA) can be constructed by using the
well-known knitting algorithm which is also used in order to build the
Auslander-Reiten quiver of modA (C. Chaio, 1. Pratti, and M.J. Souto-Salorio,
2017).

@ C,(projA) is not a Frobenius category.
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Applications

Definition

Let X = (X', dk);cz be an indecomposable complex in C, (projA).

@ We say that X can be extended to the left in C,; (projA) if there is a projective
A-module X’° and a non-zero morphism d’’: X’° — X' such that dyd’® = 0. We
denote the extended complex to the left of X in C,1 (projA) by X, where
eX'= X", pX' =X foralli € {2,...,n+ 1}, d\y=d"°, dx = di7" for all
i€{2,...,n}.
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Theorem (Y. Calderén-Henao, F. Gallego-Olaya, and —)

Let A be an algebra with finite strong global dimension n = s.gl.dim(A). Ler X, Z,
andY = @, Yi be with X, Z and Y; indecomposable complexes in Cyy1(projA)
such that neither X nor Z nor Y; are &, 1-projective-injective.

[i.] Up to translation. f : X — Z is an irreducible morphism in Db(A) if and only if
f: X = Zis an irreducible morphism in C, 41 (projA), X cannot be extended to the
left in Cyy42(projA), and Z cannot be extended to the right in Cp>(projA).

ombia Auslander-Reiten
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[ii.] Up to translation. A : X =% ¥ 5 Z 2 X[1] is an Auslander-Reiten triangle in
AU / /!
D’(A) if and only if there exists & : X [u_)u ) YOP b —‘; } Z an almost split
En+1-sequence in C; 4 (projA) which induce an Auslander-Reiten triangle
isomorphic to A, where P is an &, -projective-injective, X cannot be extended to
the left in C,42(projA), Y; cannot be extended to the left and cannot be extended to
the right in C,)42(projA), and Z cannot be extended to the right in C,, 42 (projA).
Moreover, if P # 0, then P is an indecomposable complex.
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Applications

Let A be the path algebra given by the following quiver

0 1 > 2 2 3

with the single relation a8 = 0.
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Auslander-Reiten Quiver of C3(projA)

(050 P)

\/

(0= P — )

=0 P

(00— Py )

AN

(00— P — FPs)

do, Medellin, Colo:

¥ f(l P —0) (P —0—=0)

(0— P —0)

(Py— r{.—m) +0)
e AN / ~ /
(P —0—0) (P — P —0)

Fa— Pp—+0)

UNIVERSIDAD
DE ANTIOQULA

der-Reiten triangles in Frobeni




Applications

The Auslander-Reiten quiver of D’ (A-mod) is given by

3 P3le] < 1] < +1] < z+1]

\ /N / NN
Pylg < L[] +1] < hlz+1]

NS \/ NN
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