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Indecomposable representations, 11

A survey by Peter Gabriel
Published in Symposia Mathematica, Vol.XI, 1973

The results of Dade-Janusz-Kupisch on modular
representations of finite groups.

The results of Gelfand and Ponomarev on
quadruples of vector spaces.

The results of Kleiner-Nazarova-Roiter on linear
representations of ordered sets.

1. The results of Dade- Jannes-Konpisch o madulas representations of

Quivers with only finitely many indecomposable it groupe (19

representations.

The work of Roiter on the Brauer-Thrall
conjectures.

The homological characterisation of M. Auslander.
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Krull-Schmidt category

Consider a Krull-Schmidt category B with the following four

properties:

A,1 B has an exact structure with enough projectives and
injectives.

A.2 B has almost split sequences.

A,3 There is an indecomposable projective object S € B such that
Hom(S,X) # 0 for all X € B and if f: X — S is a non-zero
morphism, then f is a retraction.

A4 If X - @Q and Y — Q are irreducible morphisms in B, with @
indecomposable projective and X, Y indecomposable objects
of B, then X Y.
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Let B be a category satisfying the previous conditions and let C be

the Auslander-Reiten component of S, the object of B in A,3.

Then, there exists a “unique” set of sections {S;}icr in C, where | is

either the set of natural numbers or I = {1,2,...,n}, with the

following properties

(1) If X € S; and X is not projective, then ¢ > 1 and 7X € S;_;.

(2) If X € S; and X is not injective then 771X € S;1.

(3) If X — Y is an irreducible morphism with Y € S; projective,
then X € S;.

(4) Ifi#j, then S§;NS; =0.

(5) c=Js.

il
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Pseudo hereditary projectives

Let A be a Krull-Schmidt category with an exact structure having
enough projectives and enough injectives. We call an
indecomposable projective objet M € A, pseudo hereditary
projective if for any chain of irreducible morphisms in A:

Xi—-Xo—>- =X > M

the objects X7, ..., X; are projective in A.
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S1 pseudo hereditary projectives.
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Defining {S¢}rer

S1 pseudo hereditary projectives.

If S1,8s,...,S, have been defined and all the objects in Sy are
injectives, we set [ = {1,2,...,¢}.
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Defining {S¢}rer

S1 pseudo hereditary projectives.

If S1,8s,...,S, have been defined and all the objects in Sy are
injectives, we set [ = {1,2,...,¢}.

Otherwise  Spy1 =S, UTy;  where

S, ={Y €C|rY € &/} and

Te is the set of projective indecomposable objects Z, for which
there is a chain of irreducible morphisms X - 71 — --- = Z;, = Z
with Zy, ..., Z;_1 projectives, t €« Nand X € §,.
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S is a section
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S is a section

X — Y irreducible morphism with X € S; and Y € C.
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Y is projective
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S is a section

X — Y irreducible morphism with X € S; and Y € C.
Y is projective

Y is not projective
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(1) If X € S; and X is not projective, then i > 1 and 7X € S;_;.
(2) If X € S; and X is not injective, then 771X € S; 1.
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S satisfy the conditions (1) to (4)

(1) If X € S; and X is not projective, then i > 1 and 7X € S;_;.
(2) If X € S; and X is not injective, then 771X € S; 1.

(3) If X = Y is an irreducible morphism with Y € S; projective,
then X € S;.




S satisfy the conditions (1) to (4)

(1) If X € S; and X is not projective, then i > 1 and 7X € S;_;.
(2) If X € S; and X is not injective, then 771X € S; 1.

(3) If X = Y is an irreducible morphism with Y € S; projective,
then X € S;.

(4) |fi7éj, then SZﬂSj =10.




Suppose the sections S1,So, ..., Sy are built holding the conditions

(1) to (4).

Spp1=58,UTy.
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Suppose the sections S1,So, ..., Sy are built holding the conditions

(1) to (4).

Spp1=58,UTy.

Sjﬂ84+1:(bforj<€+1.

X € §;NSp41, if X is not projective

X projective
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If X € S; and X is not projective, then 7 > 1 and

7X € S;,1
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If X € S; and X is not injective, then 771X € S
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If X — Y is an irreducible morphism with Y € §;

projective, then X € §;
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If X — Y is an irreducible morphism with Y € §;

projective, then X € §;

There is a chain of irreducible morphisms
Z—7Z1— = Zy—Y with Z €S8, and Zy,...,Z projectives.
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If X — Y is an irreducible morphism with Y € §;

projective, then X € §;

There is a chain of irreducible morphisms
Z—7Z1— = Zy—Y with Z €S8, and Zy,...,Z projectives.

X = Zy;

XeTy CSppa.
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IfY e USi and W — Y or Y — W are irreducible morphisms
el
with W € C, then W ¢ U‘Si'
el
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Y W
either W € S; or W is not projective and 7W € S;
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IfY e USi and W — Y or Y — W are irreducible morphisms
el
with W € C, then W ¢ U‘Si'
el

Y W
either W € S; or W is not projective and 7W € S;

W =Y
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Suppose {S/}ics is a family of sections in C with the conditions

(1), (2),(3), (4).
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Thank you

Dziekuje Ci
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