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Parallel paths method

It is well-known that the Hochschild cohomology groups are
important invariants of associative algebras. Since the Hochschild
cohomology groups HH*(A) = Ext’.(A, A), the computation of
Hochschild cohomology groups are heavily based on a two-sided
projective resolution of a given algebra A.
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Parallel paths method

It is well-known that the Hochschild cohomology groups are
important invariants of associative algebras. Since the Hochschild
cohomology groups HH*(A) = Ext’.(A, A), the computation of
Hochschild cohomology groups are heavily based on a two-sided
projective resolution of a given algebra A.

Based on the minimal two-sided projective resolution of
monomial algebras, Strametz created the parallel paths method to
compute the first Hochschild cohomology group in monomial cases.

Minimal projective resolution Parallel paths method of
of monomial algebras —> f.d. monomial algebras
(Bardzell, 1997) (Strametz, 2006)
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Parallel paths method

Our aim is to generalize Strametz's parallel paths method on
computing the first Hochschild cohomology groups from monomial
algebras to general quiver algebras (may not be finite dimensional).
We also give some applications on Brauer graph algebras.

Parallel paths method of
quiver algebras with
finite reduced Grobner basis
(Liu and Xing, 2023)

Two-sided Anick resolution
of quiver algebras
(Chen, Liu and Zhou, 2023)
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Parallel paths method

We should point out that Rubio y Degrassi, Schroll and
Solotar had done some analogous work independently by using the
Chouhy-Solotar projective resolution which is constructed by
reduction systems.

Parallel paths method of
f.d. quiver algebras
(Rubio y Degrassi, Schrol
and Solotar, 2022)

Chouhy-Solotar projective
resolution of quiver algebras —
(Chouhy and Solotar, 2015)
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Groébner basis

Notations
k: a field,
Q= (Qu, Q1): a finite quiver
@ Two paths ¢, of Q are called parallel if s(¢) = s(y) and
t(e) = t(7y). An element in kQ is called uniform if it is a linear
combination of parallel paths. If X and Y are sets of paths of
Q, the set X//Y is formed by the couples (g,7) € X x Y such
that € and ~ are parallel paths.
@ We now fix an admissible well-order > on Q>¢. For any
a € kQ, we have a = ZPGQZO’ Apek)‘PP and write
Supp(a) = {p | A\p # 0}. We call Tip(a) = p, if p € Supp(a)
and p/ < pfor all p’ € Supp(a). Then we denote the tip of a
set W C kQ by Tip(W) = {Tip(w)|w € W}
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Groébner basis

Grobner basis of quiver algebras (Green, 1999)

We say G is a Grobner basis for the ideal / with respect to the
admissible order > if G is a set of uniform elements in / such that

(Tip(/)) = (Tip(9)),

that is, Tip(/) and Tip(G) generate the same ideal in kQ.
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Generalized parallel paths method

Notations

o Let £ be a path in Q and (,7) € Q;//Q. Denote by £(*7)
the sum of all nonzero paths obtained by replacing one
appearance of the arrow « in € by path ~. If the path € does
not contain the arrow a, we set £(®7) = 0.
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Generalized parallel paths method

Notations

o Let £ be a path in Q and (,7) € Q;//Q. Denote by £(*7)
the sum of all nonzero paths obtained by replacing one
appearance of the arrow « in € by path ~. If the path € does
not contain the arrow «, we set £(®7) = (.

@ Let A= kQ/I be a quiver algebra with finite Grébner basis G.
Then there is a k-linear basis B of the algebra A with respect
to G. Let the canonical projection be written as w : kQ — A.
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Generalized parallel paths method

Notations |

o Let £ be a path in Q and (,7) € Q;//Q. Denote by £(*7)
the sum of all nonzero paths obtained by replacing one
appearance of the arrow « in € by path ~. If the path € does
not contain the arrow a, we set £(®7) = 0.

@ Let A= kQ/I be a quiver algebra with finite Grébner basis G.
Then there is a k-linear basis B of the algebra A with respect
to G. Let the canonical projection be written as w : kQ — A.

@ If Xis a set of paths of Q and e a vertex of Q, the set Xe is
formed by paths of X with source vertex e. In the same way
eX denotes the set of all paths of X with terminus vertex e.
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Generalized parallel paths method

Parallel paths method (Strametz, 2006)

Let A= kQ/I be a finite dimensional monomial algebra with
Z the minimal generating set of /. Then the beginning of the
Hochschild cochain complex of A can be described by:

0 — k(Qo//B) 2 k(Q1//B) 25 k(Z//B) — - --
where the differentials are given by

Yo i k(Q//B) — k(Qi//B),
(e,7) = D ae@el@ () = Ypeeq, (B, T(V8));

Y1 k(Qi//B) — k(Z//B),
(a77) = ZpEZ(pﬂT(p(aﬁ)))‘

In particular, we have HH®(A) = Kertyy, HH!(A) = Kert; /Tmp.
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Generalized parallel paths method

Generalized parallel paths method

Let A= kQ/I be a quiver algebra with the finite reduced
Grébner basis G. The beginning of the Hochschild cochain
complex of A can be described by:

0 — K(Qu//B) 2% k(Q1//B) 2 K(Tip(G)//B) —
where the differentials are given by

Yo : KQ//B) — KkQi//B),

(6, ’Y) = Zatee(aﬂT(a’Y)) - ZBEte (ﬁvﬂ—('}/ﬁ));

Y1 o kK(@Q//B) — KkTip(9)//B),

(a’ ’Y) i deg ZpESupp(g) Cg(P) : (Tip(g)> 71—(P(a”}l)))

with g =3 cupp(e) Ce(P)P. g(p) € k. In particular, we have
HHC(A) = Kertpg, HH!(A) = Keryy /Tma)y.

™7 mid
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Generalized parallel paths method

Lie structure
The bracket

[(@,7), (B, )] = (B, w(e!*7)) — (e, n(*9))

for all (a,), (B,e) € Q1//B induces a Lie algebra structure on
Kery; /Tmabg, such that HH!(A) and Kery; /Tms)g are isomorphic
as Lie algebras.
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Example

~—

2 and A = k(x,y)/(x*,y?,xy — yx). Let x > y, then

1
1
X
y
X
y

—

Let chark

= = T 9ac

(=

m]
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Example

;I"i;e Lie operations on HH'(A) are
(1), ()] = (xy) 5 (D), (xy)] = (xx)
(1), )] = hy) 5 (1), )] = (X
[(X’1)7(X=X)] = (le) ) [(y,l),(y,y)] = (yal)
[(y,9), oyl = (xyx) 5 [0, (9] = (v.y%)
Therefore, HH'(A) = sk (k) is a simple Lie algebra.
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Applications to Brauer graph algebras

The Brauer graph G = (V, E) is a finite (unoriented)
connected graph:

O——O—®

with m: V— Zso (m(u) = m(v) = 1, m(w) = 3), a multiplicity
function of G. And there is an orientation o of G which is given by
o(u) : e, o(v) : e; < ey < eq, o(w) : e2 < e3. Then the quiver Qg
of G is given by:

aq
==D-
a2
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Applications to Brauer graph algebras

aq
-
s

An ideal /¢ in kQ¢ generated by three types of relations.
o Relations of type I: 3% — ajas;
@ Relations of type Il: ajasay, asagas, ﬁ4;
@ Relations of type lll: Bay, asp.

The corresponding Brauer graph algebra of Brauer G is

A = kQg/(B® — a1az, arasaq, asarag, o, asfB).

= = = = =

V,
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Applications to Brauer graph algebras

Brauer graph
A Brauer graph G is a tuple G= (V, E, m, o) where

o (V,E) is a finite (unoriented) connected graph.

@ m: V — Z~q is a multiplicity function of G.

@ o is called the orientation of G which is given, for every vertex
v € V, by a cyclic ordering of the edges incident with v.
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Applications to Brauer graph algebras

Brauer graph
A Brauer graph Gis a tuple G = (V, E, m, 0) where
o (V,E) is a finite (unoriented) connected graph.
@ m: V — Z~q is a multiplicity function of G.
@ o is called the orientation of G which is given, for every vertex
v € V, by a cyclic ordering of the edges incident with v.

Quiver

Given a Brauer graph G = (V, E, m, 0), we can define a quiver
Qc = (Qo, @) as follows: Qy := E,

Q1 :={i—j|ije€ E 3ve V, such that i < j belong to o(v)}.

For i€ E, if ve Vs a vertex of i and i is not truncated at v, then
there is a special i~cycle C,(«) at v which is an oriented cycle given
by o(v) in Qg with the starting arrow « (where the starting vertex
of ain Qg is i).

Yy —————
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Applications to Brauer graph algebras

Brauer graph algebra (Donovan and Freislich, 1978) |
We define an ideal /¢ in kQ¢ generated by three types of relations.
e Relations of type I: C,(a)™Y) — C,,(a/)™V), for any i € Qq
and for any special icycles C,(a) and C, (<) at v and V,

respectively, such that both v and V' are not truncated.
@ Relations of type II: an(a)m(V), for any i € Qp, any ve V
and where C,(«) is a special i~cycle at v with starting arrow «.
@ Relations of type lll: Ba, for any i € Q1 such that S« is not a
subpath of any special cycle except if 8 = « is a loop
associated with a vertex v of valency one and multiplicity
m(v) > 1.
The quotient algebra A = kQg//c is called the Brauer graph
algebra of the Brauer graph G.
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Applications to Brauer graph algebras

The associated graded algebras

Let A be a finite dimensional algebra. Denote by t the
(Jacobson) radical rad(A) of A. Then the graded algebra gr(A) of
A associated with the radical filtration is defined as follows. As a
graded vector space,

g(A)=Altot/?O--- ot/ -

The multiplication of gr(A) is given as follows. For any two
homogeneous elements:
x4 tmtt g em/emtl oy et e o t"H ) we have

(X+tm+1) X (y+tn+1) — Xy—l—tm+”+1.
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Applications to Brauer graph algebras

Consider the Brauer graph algebra

A = kQg/(B? — a1az, arasar, asaras, far, asfl)

where Qg is given by
a1
€1 E €2 I}
(€5

Then the associated graded algebra of A is

gr(A) = kQg/(B*, aras, Bai, asfB).

= = = = PASNE
August 9, 2024 18 / 31
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Applications to Brauer graph algebras

Denote by val(v) the valency of the vertex v € V. It is defined
to be the number of edges in G incident to v. We call the edge i
with vertex v truncated at v if m(v)val(v) = 1.
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Applications to Brauer graph algebras

Denote by val(v) the valency of the vertex v € V. It is defined
to be the number of edges in G incident to v. We call the edge i
with vertex v truncated at v if m(v)val(v) = 1.

Graded degree (Guo and Liu, 2021)

For each vertex v in a Brauer graph G, we define the graded degree
grd(v) as follows. If val(v) = 1, we denote by V the unique vertex
adjacent to v. If G is given by a single edge with both vertices v
and v of multiplicity 1, then grd(v) = grd(V) = 1; Otherwise

| m(v)val(v), if m(v)val(v)
grd(v) = { grd(V), if m(v)val(v)

IV

1;
1.
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Applications to Brauer graph algebras

Balanced components |

Let G= (V, E) be a Brauer graph. We call an edge v, -z v in G
with grd(vy) # grd(v2) an unbalanced edge. Other edges which are
not unbalanced will be called the balanced edges. We define the
balanced components of G by the following rules:

@ retain the balanced edges in G;
@ split the unbalanced edge into two edges by attaching two
new truncated vertices.

The connected components in G after remodeling by the rules
above are the balanced components of G. Denote the set of the
balanced components of G by I'c.
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Applications to Brauer graph algebras

Consider the Brauer graph G = (V, E) which is given by

O——O—®

with m(u) = m(v) =1, m(w) = 3. Then grd(u) = grd(v) = 2
grd(w) = 3. Thus e; is a balanced edge and e is an unbalanced
edge. The balanced components of G is given by

@61/\ 2@ @%’@

Actually, grd(u) = grd(v) = grd(p') = 2, grd(p") = grd(w) = 3
and [I'g| = 2.
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Applications to Brauer graph algebras

From now on, we assume that the characteristic of the ground

field k is O.
Loo
Let A= kQ/I, consider

Lo = k(Q1//Q1) N Kery / (S (aa)— 3 (bbec Q).

acQqe beeQ:

which is a Lie subalgebra of HH'(A). Furthermore, we can take
Loo which is given by

Loo := (o, )| € Q1>ﬁKer1,Z)1/< > (a,a)— Y (b b)lec Q).

acQe bceQ:

Actually, Log is an abelian Lie subalgebra of HH'(A) and Ly C L.

August 9, 2024
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Applications to Brauer graph algebras

Consider
A = kQg/ (B> — a1az, a1azar, asarag, fag, asfB),
and

gr(A) = kQg/(B*, a0, Bar, azf)
where Qg is given by

Qg
€1 E €2 , B8
o)

m]

(=

V.

Ha

23 /31
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Applications to Brauer graph algebras

By the parallel paths method,
HH'(A) = k{3(cz, 1) + (8, 8), (8,8%), (B, aa2)}
HHl(gr(A)) = k{(al,al), (ﬁ?ﬁ)? (5)52)7 (/8’183)}7

and
Lo = L = k{3(a1,01) + (B, 8)}

LEA) = 18 — k{(an, ), (B, 8), }.

o <5 = E T 9ac
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Applications to Brauer graph algebras

Recall the Brauer graph G = (V, E) which is given by

0=~0
Then

e
(—)

and

dimglgy =1=2-3+2=|f — |V +2,

. A
dlkagg( )

=2=2-34+14+2=|Ff-|V+1+|T¢g

m]

(=

August 9, 2024

Dac

25 / 31




Applications to Brauer graph algebras

Let A be a Brauer graph algebra with the corresponding
Brauer graph G.

Lemma

dimyLfh = |E] - |V +2, dimy L8 = |£ - |w+1+rrG\.J
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Applications to Brauer graph algebras

Let A be a Brauer graph algebra with the corresponding
Brauer graph G.

Lemma

dimgLd = || — V] + 2, dimLlE® = |E| — V| + 1+ |Tgl.

Proposition (k: algebraically closed) |

L{, (respectively, ng(A)) is a maximal diagonalizable
subalgebra of HH'(A) (respectively, HH!(gr(A))).

Denote the maximal torus of Out(A)° (respectively,
Out(gr(A))°) by T(A) (respectively, T(gr(A))). Then the rank of
T(A) (respectively, T(gr(A))) is equal to the dimension of L},

(respectively, L&),
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Applications to Brauer graph algebras

By the parallel paths method,
HH'(A) = k{3(a1,01) + (8,8), (8,5%), (8,102}

HH' (gr(A)) = k{(a1, 1), (8,8), (8,587, (8,5%)}.

Then both HH!(A) and HH!(gr(A)) are solvable. Moreover, there
is a monomorphism i : HH!(A) — HH!(gr(A)) as Lie algebras
which is given by:

i 3(a1,a1)+(ﬂ,5) — 3(0(1,051)+(ﬁ,ﬂ),
(8,6) = (8,82,
(,8,&10{2) = (/37/83)

Actually, dim,HH'(gr(A)) — dimHH(A) =4 — 3 =
dim L8 — dim LA =2 —1=Tg|— 1.

-
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Applications to Brauer graph algebras
Let A be a Brauer graph algebra with the corresponding
Brauer graph G.

Theorem

If G is different from (e = @) (here both vertices have multiplicity
1), then both HH!(A) and HH'(gr(A)) are solvable.
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Applications to Brauer graph algebras

Let A be a Brauer graph algebra with the corresponding
Brauer graph G.

Theorem

If G is different from (e = @) (here both vertices have multiplicity
1), then both HH!(A) and HH'(gr(A)) are solvable.

Theorem

If G# (vs—vi) with m(vy) > m(vs) > 2, then there is a
monomorphism i : HH'(A) — HH!(gr(A)) as Lie algebras.

August 9, 2024 28 /31



Applications to Brauer graph algebras
Let A be a Brauer graph algebra with the corresponding
Brauer graph G.

Theorem |

If G is different from (e = @) (here both vertices have multiplicity
1), then both HH!(A) and HH'(gr(A)) are solvable.

Theorem
If G# (vs—vi) with m(vy) > m(vs) > 2, then there is a

monomorphism i : HH'(A) — HH!(gr(A)) as Lie algebras.

Corollary |

dimHH' (gr(A)) —dim,HH' (A) = dim L™ ~dimLf}) = Tg|-1.
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