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Definition (Lie algebra, cf.[3])
A Lie algebra L over an arbitrary field IF is a vector space over
F endowed with an operation called Lie bracket satisfying the

following properties :

1. Bilinearity : For x,y,z € L,a,b € F
[az + by, 2] = alz, 2] + bly, 2]
[z,ay + b2] = a[z,y] + b[z, 2]
2. [x,z]=0forallz € L

3. Jacobi identity :
[z, [y, 2]l + [y, [z, 2]] + [2, [z,y]] = 0 for all z,y, z € L.
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Example
Let V be a finite dimensional vector space over the field F.
Then V is Lie algebra with Lie bracket

[z,y] =0 for all z,y € V
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Example
Let V be a finite dimensional vector space over the field F.
Then V is Lie algebra with Lie bracket

[z,y] =0 for all z,y € V

These Lie algebras are called abelian Lie algebras.

Example

End(V), the set of all linear transformations on a finite
dimensional vector space V over a field F is a Lie algebra with
Lie bracket

[z,y] = xy — yz for z,y € End(V).
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Central extensions of Lie algebras

Definition
Let £ be a Lie algebra and M be an abelian Lie algebra.
Then (&; f, g) is an extension of £ by M if there exists a Lie

algebra &£ such that the following is a short exact sequence :

oML esh .
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Central extensions of Lie algebras

Definition
Let £ be a Lie algebra and M be an abelian Lie algebra.
Then (&; f, g) is an extension of £ by M if there exists a Lie

algebra &£ such that the following is a short exact sequence :

oML esh .

An extension (&; f,g) is central if f(M) C Z(E) where Z(E) is
the center of &£.
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Example:

Consider the real Lie algebras

L = spang{

o O O

respectively.
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Example:

Consider the real Lie algebras

0 0 y
L =spang{|0 0 z|:y,z€ R} and M = spang{
0 0 0
respectively. Let
0 =z vy
E=spang{|0 0 z|:z,y,2z€ R},
0 0 O
5/ 23
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f: M — & is the identity inclusion and ¢g : £ — L is given by

0 =z vy 0 0 x
g(fo 0 z[)=1]0 0 =z
0 0 O 0 0 O

Then f and g are Lie algebra homomorphisms and
ker(g) = Im(f). Also f(M) =M = Z(E), the center of £.
Thus 0 — M L € £ £ 5 0is a central extension.
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Cover of a Lie algebra

Definition
Let £ be a Lie algbera. Then a pair of Lie algebras (£, M)
such that

1. L2E/M
2. M C Z(E)UIE,€E]

3. dim(€) is maximal

is called a maximal defining pair of £. In a maximal defining
pair (£, M), £ is called cover of £ and M is called multiplier
of L.
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Cover of a Lie algebra

Definition

Let £ be a Lie algbera. Then a pair of Lie algebras (£, M)
such that

1. L2E/M
2. M C Z(E)UIE,€E]

3. dim(€) is maximal

is called a maximal defining pair of £. In a maximal defining
pair (£, M), £ is called cover of £ and M is called multiplier
of L.

Lemma

([1]) Let L be a Lie algebra of finite dimension n and £ be the
cover of L. Then dim(€) < %
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We can define the cover interms of central extensions using the

following lemma.

Lemma

Let L be a Lie algebra and & be its cover. Then

1. 0 > M Iy &5 £ 5045 a central extension for some Lie
algebra M

2. Ker(g) C [€,&]

3. dim(&) is mazximal.
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Example

Consider the central extension 0 — M i> ELHL00f L by
M as in Example 5. Here

(€, E] = spang{

o o O
2 9O 9

b
0f:0eR}
0

and thus Ker(g) = [€,£]. Also dim(€) = 3 which is maximal

due to previous lemma. Hence, £ is a cover of L.
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Representation of a Lie algebra

Definition
A representation of a Lie algebra £ on a vector space V is a
linear map ¢ : £ — gl(V') such that ¢ is a Lie algebra

homomorphism.
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Representation of a Lie algebra

Definition
A representation of a Lie algebra £ on a vector space V is a
linear map ¢ : £ — gl(V') such that ¢ is a Lie algebra

homomorphism.

e The degree of the representation ¢ is the dimension of the
vector space V.

o A representation ¢ of £ on V is reducible if there is proper
subspace of V' which is invariant under ¢, i.e, if there exists
a proper subspace W of V' such that ¢(z)(w) € W for all
xz € L and w € W. Otherwise, ¢ is called irreducible.
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Cohomology of Lie algebras

o Consider C"(L,C)={f:LXLXx -+ XL —

C| f is n-linear and alternating}.
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Cohomology of Lie algebras

o Consider C"(L,C)={f:LXLXx -+ XL —
C| f is n-linear and alternating}.
e Define §, : C™*(L,C) — C"1(L,C) by

On(f)(@1, 2, , Tng1) =

Z f([xhxj])xl? crr L Lg—1y L1, " 7xj*17ajj+17 T 1'/ETL)
1<j

for f € C™"(L,C).

Then 6, is the coboundary map.
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Cohomology of Lie algebras

o Consider C"(L,C)={f:LXLXx -+ XL —

C| f is n-linear and alternating}.
e Define §, : C™*(L,C) — C"1(L,C) by

On(f)(@1, 2, , Tng1) =

Z f([xi,ij:Ul? L1, L1, Lj—1, L1, amn)
1<j

for f € C™"(L,C).

Then 6, is the coboundary map.

e One can obtain a chain

2 onm1(g ) 224 o, ©) B ontl (2, ) 2

with
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o Z™"(L,C) = Ker(d,) ={f € C*"(L,C) | o,(f) =0}
o B"(L,C)=Im(dp—1)
= {f € C*(L,C) | there exists g € C"1(L,C)
such that d,,—1(g9) = f}
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o Z™"(L,C) = Ker(d,) ={f € C*"(L,C) | o,(f) =0}
o B"(L,C)=Im(dp—1)
= {f € C*(L,C) | there exists g € C"1(L,C)
such that d,,—1(g9) = f}

Then the n-th cohomology group is given by

(.0 - e

where Z™(L,C) and B™(L,C) are called group of n-cocycles and

group of n-coboundaries respectively.

.



For n = 2,

e The set of 2-cocycles is given by
Z2(L,C)={f:Lx L — C: fis bilinear and f([z, ], 2)
+f(ly, 2], @) + f([z,2],y) = 0 Va,y, 2 € L}

Arjun S N 13 / 23



For n = 2,

e The set of 2-cocycles is given by
Z2(L,C) ={f:Lx L — C: f is bilinear and f([z,y], 2)
+f(y, 2], 2) + f([2,2],y) = 0 Va,y, 2 € L}
e The set of 2-coboundaries are

B*(L,C) ={f: L x L — C: fis bilinear and there exists
o : L — C such that f(z,y) = —o([z,y])}
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For n = 2,

e The set of 2-cocycles is given by
Z2(L,C) ={f:Lx L — C: f is bilinear and f([z,y], 2)
+f(y, 2], 2) + f([2,2],y) = 0 Va,y, 2 € L}
e The set of 2-coboundaries are

B*(L,C) ={f: L x L — C: fis bilinear and there exists
o : L — C such that f(z,y) = —o([z,y])}

e The second cohomology group of L is given by

2
B2(£,C) = 522
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Projective representation

Definition

A projective representation of a Lie algebra £ on V is a linear
map ¢ : L — pgl(V') such that ¢ is a Lie algebra
homomorphism where pgl(V') is the quotient Lie algebra
al(V)/{kIy : k € F}.
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Projective representation

Definition

A projective representation of a Lie algebra £ on V is a linear
map ¢ : L — pgl(V') such that ¢ is a Lie algebra
homomorphism where pgl(V') is the quotient Lie algebra
al(V)/{kIy : k € F}.

Example

Every linear representation of £ is a projective representation.
For, consider a linear representation p : £ — gl(V') of £ and
the natural homomorphism 7 : gl(V)) — pgl(V'), then the

composition mo p: L — pgl(V') is a projective representation.
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Proposition

Let ¢ be a projective representation of £ on V. Then there is
a linear map ® : £ — gl(V') and a bilinear map a: L x L — C
such that

[®(z), P(y)] = a(z,y) [y + ([x,y]) forall x,y € L. (1)

Conversely, if there is a linear map ® and a bilinear map «
satisfying (1), then mo ® : £ — pgl(V') where
7 gl(V) — pgl(V) is the canonical homomorphism, is a

projective representation of L.
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Remark
Let £ be a Lie algebra. If there is a linear map ® : £ — gl(V)
and a bilinear map « : £ x £ — C satisfying the condition

[@(2), 2(y)] = alz, y) v + ([, y]),

then one can obtain a projective representation of L.
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Observation
Suppose a Lie algbera L admits a projective representation,

then the bilinear map « : L X L — C satisfies

a([z, y], 2) + a(ly, 2], 2) + e[z, 2], y) = 0. (2)

In other words, « is a bilinear map satisfying the 2-cocycle
condition. That is, o € Z*(L,C).
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Observation
Suppose a Lie algbera L admits a projective representation,

then the bilinear map « : L X L — C satisfies

a([z, y], 2) + a(ly, 2], 2) + e[z, 2], y) = 0. (2)

In other words, « is a bilinear map satisfying the 2-cocycle
condition. That is, o € Z*(L,C).

Thus the projective representation also referred to as an

a-representation on the vector space V.
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Recall the Hochschild - Serre spectral sequence of low
dimensions ([1]). If I is an ideal of the Lie algebra £, then there

is an exact sequence of Lie algebra homomorphisms

0I5 eir—o. (3)

and s: L/I — L is a the section of g.
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Recall the Hochschild - Serre spectral sequence of low
dimensions ([1]). If I is an ideal of the Lie algebra £, then there

is an exact sequence of Lie algebra homomorphisms

01525 /1o (3)
and s: L/I — L is a the section of g.For an £-module A the

sequence

Hom(£/1, 4) =271 Hom(c, 4) B2 Hom(I, A) L% m2 (2, A) 2202 w2(2/1, 4) (1)
is exact and is called the Hochschild - Serre spectral sequence
(Theorem 3.1, cf. [1]) , where Inf; and Infs are inflation maps,
Res is the restriction map and Tra : Hom(I, A) — H?(L, A) is
the Transgression map and is defined by

Tra(x) = [x © A

for x € Hom(I, A), where (z,y) = [s(z), s(y)] — s([z,y]); s is

the section of g in (3).
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Theorem

Let € be the cover of a Lie algebra L. Suppose ® : L — gl(V)
is a-representation of L. If [a] € Im(Tra), then there is a Lie
algebra homomorphism T : € — gl(V') such that T'(h) is a

scalar multiple of the identity transformation on V' for any

hecl.
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Theorem

Consider the central extensions 0 — L' 4 EL L —0and
0—=F 5 gl(V) 5 pgl(V) — 0 of Lie algebras. Then for all
pairs of Lie algebra homomorphisms T : € — gl(V') and

a: L' — T such that poa =T o f, there is a projective
representation ® : L — pgl(V') such that moT' = ® o g.
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The projective representation ® of £ on the space V is called

irreducible if 0 and V are the only ®-invariant subspaces of V.

Now let Irr(E) denotes the set of all irreducible linear
representations of £ and Irr®(L) denotes the set of all
irreducible a-representations of £ where [a] € H?(L,C). The
subsequent theorem establishes the correspondence between

these sets.
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The projective representation ® of £ on the space V is called

irreducible if 0 and V are the only ®-invariant subspaces of V.

Now let Irr(E) denotes the set of all irreducible linear
representations of £ and Irr®(L) denotes the set of all
irreducible a-representations of £ where [a] € H?(L,C). The
subsequent theorem establishes the correspondence between
these sets.

Theorem

Let € be the cover of a Lie algebra L. Then there is a bijection

between the sets Irr(E) and | ) Irr*(L).
[a]eH?(L,C)
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